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Introduction

The Multiprecision Library providesinteger, rational and floating-point typesin C++ that have more range and precision than C++'s
ordinary built-in types. The big number typesin Multiprecision can be used with awide selection of basic mathematical operations,
elementary transcendental functions as well as the functionsin Boost.Math. The Multiprecision types can also interoperate with the
built-in typesin C++ using clearly defined conversion rules. This allows Boost.Multiprecision to be used for al kinds of mathemat-
ical calculations involving integer, rational and floating-point types requiring extended range and precision.

Multiprecision consists of a generic interface to the mathematics of large numbers as well as a selection of big number back ends,
with support for integer, rational and floating-point types. Boost.Multiprecision provides a selection of back ends provided off-the-
rack in including interfaces to GMP, MPFR, MPIR, TomMath as well as its own collection of Boost-licensed, header-only back
endsfor integers, rationals and floats. In addition, user-defined back ends can be created and used with the interface of Multiprecision,
provided the class implementation adheres to the necessary concepts.

Depending upon the number type, precision may be arbitrarily large (limited only by available memory), fixed at compile time (for
example 50 or 100 decimal digits), or a variable controlled at run-time by member functions. The types are expression-template-
enabled for better performance than naive user-defined types.

The Multiprecision library comesin two distinct parts:

» An expression-template-enabled front-end nunber that handles all the operator overloading, expression evaluation optimization,
and code reduction.

A selection of back-ends that implement the actual arithmetic operations, and need conform only to the reduced interface require-
ments of the front-end.

Separation of front-end and back-end allows use of highly refined, but restricted license libraries where possible, but provides Boost
license alternatives for users who must have a portable unconstrained license. Which is to say some back-ends rely on 3rd party
libraries, but a header-only Boost license version is always available (if somewhat slower).

Should you just wish to cut to the chase and use afully Boost-licensed number type, then skip to cpp_int for multiprecision integers,
cpp_dec float for multiprecision floating point types and cpp_rational for rational types.

Thelibrary is often used viaone of the predefined typedefs: for exampleif you wanted an arbitrary precision integer type using GMP
as the underlying implementation then you could use:

#i ncl ude <boost/nultiprecision/gnp. hpp> // Defines the wappers around the GW library's types

boost::nultiprecision::npz_int nyint; /1 Arbitrary precision integer type.

Alternatively, you can compose your own multiprecision type, by combining nunber with one of the predefined back-end types.
For example, suppose you wanted a 300 decimal digit floating-point type based on the MPFR library. In this case, there'sno predefined
typedef with that level of precision, so instead we compose our own:

#i ncl ude <boost/multiprecision/mpfr.hpp> // Defines the Backend type that waps MPFR
namespace np = boost::multiprecision; /1 Reduce the typing a bit later...
t ypedef np::nunber <np:: npfr_fl oat_backend<300> > ny_float;

ny_float a, b, c; // These variables have 300 decinal digits precision

We can repeat the above example, but with the expression templates disabled (for faster compile times, but slower runtimes) by
passing a second template argument to nunber :

httpo://www.renderx.com/
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#i ncl ude <boost/nultiprecision/nmpfr.hpp> // Defines the Backend type that waps MPFR
nanmespace np = boost::nultiprecision; /1 Reduce the typing a bit later...
t ypedef np:: nunber <np:: npfr_fl oat _backend<300>, et_off> ny_float;

ny_float a, b, c; // These variabl es have 300 decinal digits precision

We can also mix arithmetic operations between different types, provided thereis an unambiguous implicit conversion from one type
to the other:

#i ncl ude <boost/mul tiprecision/cpp_int.hpp>
namespace np = boost::multiprecision; /1l Reduce the typing a bit later...

mp: :intl128_t a(3), b(4);
mp: :int512_t c¢(50), d;

d =c¢c * a /1 OK result of mxed arithnetic is an int512 t
Conversions are also allowed:

a; // OK, wi dening conversion.
a* b, // OK can convert froman expression tenplate too.

o o
I

However conversions that are inherently lossy are either declared explicit or else forbidden altogether:

3.14; /] Error inplicit conversion fromfloat not all owed.
static_cast<mp::int512_t>(3.14); // K explicit construction is allowed

Mixed arithmetic will fail if the conversion is either ambiguous or explicit:

nunmber <cpp_i nt _backend<>, et_off> a(2);
nunmber <cpp_i nt _backend<>, et_on> b(3);

b
b

a* b, // Error, inplicit conversion could go either way.
a* 3.14; |/ Error, no operator overload if the conversion would be explicit.

Move Semantics
On compilers that support rvalue-references, class nunber is move-enabled if the underlying backend is.

In addition the non-expression template operator overloads (see below) are move aware and have overloads that look something
like:

tenpl ate <cl ass B>
nunmber <B, et_off> operator + (nunber<B, et_off>&& a, const nunber<B, et_off>& b)

{
}

return std::nove(a += b);

These operator overloads ensure that many expressions can be evaluated without actually generating any temporaries. However,
there are still many simple expressions such as:

a=>b* c

render
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Which don't noticeably benefit from move support. Therefore, optimal performance comes from having both move-support, and
expression templates enabled.

Note that while "moved-from" objects are left in a sane state, they have an unspecified value, and the only permitted operations on
them are destruction or the assignment of a new value. Any other operation should be considered a programming error and all of
our backends will trigger an assertion if any other operation is attempted. This behavior allows for optimal performance on move-
construction (i.e. no alocation required, we just take ownership of the existing object's internal state), while maintaining usability
in the standard library containers.

Expression Templates

Class nunber isexpression-template-enabled: that means that rather than having a multiplication operator that looks like this:

tenpl ate <cl ass Backend>
nunmber <Backend> operator * (const nunber<Backend>& a, const nunber <Backend>& b)

{
nunber <Backend> result(a);
result *= b;
return result;

Instead the operator looks more like this:

tenpl ate <cl ass Backend>
unment i onabl e-type operator * (const nunber<Backend>& a, const nunber <Backend>& b);

Wherethe "unmentionable” return typeisan implementation detail that, rather than containing the result of the multiplication, contains
instructions on how to compute the result. In effect it's just apair of references to the arguments of the function, plus some compile-
time information that stores what the operation is.

The great advantage of this method is the elimination of temporaries: for examplethe "naive" implementation of oper at or * above,
requires one temporary for computing the result, and at least another one to return it. It's true that sometimes this overhead can be
reduced by using move-semantics, but it can't be eliminated completely. For example, lets suppose we're evaluating a polynomial
viaHorner's method, something like this:

Tal[7] ={ /* sonme values */ };
.. ..
y = (((((a[6] * x + a[5]) * x +a[4]) * x + a[3]) * x +a[2]) * x + a[1]) * x + a[0];

If type T isanunber , then this expression is evaluated without creating a single temporary value. In contrast, if we were using the
mpfr_class C++ wrapper for MPFR - then this expression would result in no less than 11 temporaries (thisis true even though mp-
fr_class does use expression templatesto reduce the number of temporaries somewhat). Had we used an even simpl er wrapper around
MPFR like mpreal things would have been even worse and no less that 24 temporaries are created for this simple expression (note
- we actually measure the number of memory allocations performed rather than the number of temporaries directly, note also that
the mpf_class wrapper that will be supplied with GMP-5.1 reduces the number of temporaries to pretty much zero). Note that if we
compile with expression templates disabled and rvalue-reference support on, then actually still have no wasted memory alocations
as even though temporaries are created, their contents are moved rather than copied. !

1 The actual number generated will depend on the compiler, how well it optimises the code, and whether it supports rvalue references. The number of 11 temporaries
was generated with Visual C++ 10
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2 I mportant

Expression templates can radically reorder the operationsin an expression, for example:
a=(b*c)* g

Will get transformed into:

a*=c,a*=Dn;

If thisislikely to be an issue for a particular application, then they should be disabled.

This library also extends expression template support to standard library functions like abs or si n with nunber arguments. This
means that an expression such as:

y = abs(x);
can be evaluated without a single temporary being calculated. Even expressions like:
y = sin(x);

get this treatment, so that variable'y' is used as "working storage” within the implementation of si n, thus reducing the number of
temporaries used by one. Of course, should you write:

X = sin(x);

Then we clearly can't use x asworking storage during the calculation, so then atemporary variableis created in this case.

Given the comments above, you might be forgiven for thinking that expression-templates are some kind of universal-panacea: sadly
though, all trickslikethishavetheir downsides. For onething, expression templatelibrarieslikethis one, tend to be slower to compile
than their simpler cousins, they're also harder to debug (should you actually want to step through our code!), and rely on compiler
optimizations being turned on to give really good performance. Also, since the return type from expressions involving nunber sis
an "unmentionabl e implementation detail ", you have to be careful to cast the result of an expression to the actual number type when
passing an expression to atemplate function. For example, given:

tenpl ate <class T>
void ny_proc(const T&);

Then calling:
ny_proc(a+b);

Will very likely result in obscure error messages inside the body of my_pr oc - since we've passed it an expression template type,
and not a number type. Instead we probably need:

ny_proc(my_nunber _type(atb));

Having said that, these situations don't occur that often - or indeed not at all for non-template functions. In addition, al the functions
in the Boost.Math library will automatically convert expression-template arguments to the underlying number type without you
having to do anything, so:

npfr_float_100 a(20), delta(0.125);
boost:: math::gamma_p(a, a + delta);
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Will work just fine, withthea + del t a expression template argument getting converted to an npf r _f | oat _100 internally by the
Boost.Math library.

One other potential pitfall that's only possiblein C++11: you should never store an expression template using:
auto ny_expression = a + b - c;

unless you're absol utely sure that the lifetimes of a, b and ¢ will outlive that of my_expr essi on.

And finaly... the performance improvements from an expression template library like this are often not as dramatic as the reduction
in number of temporaries would suggest. For example if we compare this library with mpfr_class and mpreal, with all three using
the underlying MPFR library at 50 decimal digits precision then we see the following typical results for polynomial execution:

Table 1. Evaluation of Order 6 Polynomial.

Library Relative Time Relativenumber of memory allocations
number 1.0 (0.00957s) 1.0 (2996 total)

mpfr_class 1.1 (0.0102s) 4.3 (12976 total)

mpreal 1.6 (0.0151s) 9.3 (27947 total)

Asyou can see, the execution timeincreases alot more slowly than the number of memory allocations. There are anumber of reasons
for this:

» The cost of extended-precision multiplication and division is so great, that the times taken for these tend to swamp everything
else.

e Thecost of anin-place multiplication (using oper at or * =) tendsto be more than an out-of-place oper at or * (typically oper at or
* = has to create a temporary workspace to carry out the multiplication, where as oper at or * can use the target variable as work-
space). Since the expression templates carry out their magic by converting out-of-place operators to in-place ones, we necessarily
take this hit. Even so the transformation is more efficient than creating the extra temporary variable, just not by as much as one
would hope.

Finally, notethat nunber takesasecond template argument, which, whensettoet _of f disablesall the expression template machinery.
Theresult is much faster to compile, but slower at runtime.

WEe'll conclude this section by providing some more performance comparisons between these three libraries, again, al are using
MPFR to carry out the underlying arithmetic, and all are operating at the same precision (50 decimal digits):

Table 2. Evaluation of Boost.M ath's Bessel function test data

Library Relative Time Relative Number of Memory Alloca-
tions

mpfr_float_50 1.0 (5.78s) 1.0 (1611963)

number<mpfr_float_backend<50>, 1.1(6.29s) 2.64 (4260868)

et_off>

(but with rvalue reference support)
mpfr_class 1.1 (6.28s) 2.45 (3948316)

mprel 1.65 (9.549) 8.21 (13226029)

render
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Table 3. Evaluation of Boost.Math's Non-Central T distribution test data

Library Relative Time Relative Number of Memory Alloca-
tions

number 1.0 (2639) 1.0 (127710873)

number<mpfr_float_backend<50>, 1.0 (260s) 1.2 (156797871)

et_off>

(but with rvalue reference support)
mpfr_class 1.1 (2879) 2.1 (268336640)

mpreal 1.5 (389s) 3.6 (466960653)

The above results were generated on Win32 compiling with Visual C++ 2010, all optimizations on (/Ox), with MPFR 3.0 and MPIR
2.3.0.
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Tutorial

In order to use this library you need to make two choices:

» What kind of number do | want (integer, floating point or rational).

» Which back-end do | want to perform the actual arithmetic (Boost-supplied, GMP, MPFR, Tommath etc)?

Integer Types

The following back-ends provide integer arithmetic:

Backend Type

cpp_int

gnp_i nt

tom.int

cpp_int

Header

boost/multipreci-
sion/cpp_int.hpp

boost/multipreci-
sion/gmp.hpp

boost/multipreci-
sion/tommath.hpp

Radix

2

2

2

Dependencies

None

GMP

libtommath

#i ncl ude <boost/multiprecision/cpp_int.hpp>

Pros

Very versdtile,
Boost licensed, all
C++ integer type
which support both
arbitrary precision
and fixed precision
integer types.

Very fast and effi-
cient back-end.

Public domain
back-end with no
licencerestrictions.

Cons

Slower than GMP,
though typically
not as slow as lib-
tommath

Dependency  on
GNU licensed
GMP library.

Slower than GMP.
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nanmespace boost{ nanmespace mul ti precision{
t ypedef unspecified-type linb_type;

enum cpp_i nt eger _type { signed_nagni tude, unsigned_ragnitude }
enum cpp_i nt_check_type { checked, unchecked };

tenpl ate <unsigned MnDigits = 0
unsigned MaxDits = 0
cpp_i nteger_type SignType = si gned_nagnitude
cpp_i nt _check_type Checked = unchecked,
class Allocator = std::allocator<linb_type> >
cl ass cpp_i nt _backend
I
/1l Expression tenplates default to et _off if there is no allocator
I
tenpl ate <unsigned M nDigits, unsigned MaxDigits, cpp_integer_type SignO
Type, cpp_int_check_type Checked>
struct expression_tenpl ate_defaul t <cpp_i nt _backend<M nDigits, MaxDigits, SignType, Checked, void> >
{ static const expression_tenplate_option value = et_off; }

t ypedef nunber <cpp_i nt _backend<> > cpp_int; /1 arbitrary precision integer
typedef rational _adaptor<cpp_i nt_backend<> > cpp_rational _backend

t ypedef nunber <cpp_rati onal _backend> cpp_rational; // arbitrary precision rational 0O
nunmber

/'l Fixed precision unsigned types:

t ypedef nunber <cpp_i nt _backend<128, 128, unsigned_magnitude, unchecked, void> > uint128_t;
t ypedef nunber <cpp_i nt _backend<256, 256, unsigned_magnitude, unchecked, void> > ui nt 256_t

t ypedef nunber <cpp_i nt _backend<512, 512, unsigned_magnitude, unchecked, void> > uint512 t

t ypedef nunber <cpp_i nt _backend<1024, 1024, unsi gned_magni tude, unchecked, void> > uint1024_t;

/'l Fixed precision signed types:

t ypedef nunber <cpp_i nt _backend<128, 128, si gned_nagnitude, unchecked, void> > intl1l28 t;
t ypedef nunber <cpp_i nt _backend<256, 256, signed_nagnitude, unchecked, void> > int256_t;
t ypedef nunber <cpp_i nt _backend<512, 512, signed_nagnitude, unchecked, void> > int512_t;

t ypedef nunber <cpp_i nt _backend<1024, 1024, signed_magnitude, unchecked, void> > intl1024_t;

/1 Over again, but with checking enabled this tine:

t ypedef nunber <cpp_i nt _backend<0, 0, signed_nagnitude, checked> > checked_cpp_int;
t ypedef rational _adaptor<cpp_i nt_backend<0, 0, signed_nagnitude, checked> > checked_cpp_ral
tional _backend

t ypedef nunber <cpp_rational _backend> checked_cpp_ral
tional;

/'l Checked fixed precision unsigned types:

t ypedef nunber <cpp_i nt _backend<128, 128, unsigned_nagni tude, checked, void> > O
checked_ui nt 128 _t;

t ypedef nunber <cpp_i nt _backend<256, 256, unsigned_magni tude, checked, void> > O
checked_ui nt 256_t ;

t ypedef nunber <cpp_i nt _backend<512, 512, unsigned_magni tude, checked, void> > O
checked_ui nt512_t;

t ypedef nunber <cpp_i nt _backend<1024, 1024, unsi gned_nagni tude, checked, void> > [
checked_ui nt 1024_t;

/'l Fixed precision signed types:

t ypedef nunber <cpp_i nt _backend<128, 128, signed_nagnitude, checked, void> > checked_i nt 128 _t;
t ypedef nunber <cpp_i nt _backend<256, 256, signed_nagnitude, checked, void> > checked_i nt 256 _t ;
t ypedef nunber <cpp_i nt _backend<512, 512, signed_nagnitude, checked, void> > checked_i nt512_t;

t ypedef nunber <cpp_i nt _backend<1024, 1024, signed_magni tude, checked, void> > O
checked_i nt 1024 _t;

}} /1 nanespaces
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Thecpp_i nt _backend typeis normally used viaone of the convenience typedefs given above.

This back-end is the "Swiss Army Knife" of integer types as it can represent both fixed and arbitrary precision integer types, and
both signed and unsigned types. There are five template arguments:

MinBits

MaxBits

SignType

Checked

Allocator

Determines the number of Bits to store directly within the object before resorting to dynamic memory allocation.
When zero, thisfield is determined automatically based on how many bits can be stored in union with the dynamic
storage header: setting a larger value may improve performance as larger integer values will be stored internally
before memory allocation is required.

Determines the maximum number of bitsto be stored in the type: resulting in afixed precision type. When thisvalue
isthe same as MinBits, then the Allocator parameter isignored, as no dynamic memory allocation will ever be per-
formed: in this situation the Allocator parameter should be set to type voi d. Note that this parameter should not be
used simply to prevent large memory allocations, not only is that role better performed by the alocator, but fixed
precision integers have a tendency to allocate all of MaxBits of storage more often than one would expect.

Determines whether the resulting type is signed or not. Note that for arbitrary precision types this parameter must
be si gned_magni t ude. For fixed precision types then this type may be either si gned_magni t ude or un-
si gned_nmmagni t ude.

This parameter has two values: checked or unchecked. See below.

The alocator to use for dynamic memory alocation, or typevoi d if MaxBits == MinBits.

When the template parameter Checked is set to checked then the result is a checked-integer, checked and unchecked integers have

the following properties:

Condition

Numeric overflow in fixed precision
arithmetic

Constructing an integer from avalue that
can not be represented in the target type

Unsigned subtraction yielding a negative
value.

Attempting a bitwise operation on a neg-
ative value.

Checked-I nteger

Throwsast d: : overfl ow error.

Throwsastd: :range_error.

Throwsastd: : range_error.

Throwsast d: : range_error

Things you should know when using this type:

Default constructed cpp_i nt _backends have the value zero.

Division by zero resultsinast d: : over f1 ow_err or being thrown.

Unchecked-I nteger

Performs arithmetic modulo 242Eits

Converts the value modulo 2V'&Bits

signed to unsigned conversions extract
the last MaxBits bits of the 2's comple-
ment representation of the input value.

Yields the value that would result from
treating the unsigned type asa 2'scomple-
ment signed type.

Yields the value, but not the bit pattern,
that would result from performing the
operation on a 2's complement integer

type.

Construction from a string that contains invalid non-numeric charactersresultsinast d: : runt i me_er r or being thrown.

Since the precision of cpp_i nt _backend is necessarily limited when the allocator parameter is void, care should be taken to
avoid numeric overflow when using this type unless you actually want modul o-arithmetic behavior.

The type uses a sign-magnitude representation internally, so typei nt 128_t has 128-bits of precision plus an extra sign bit. In
this respect the behaviour of these types differs from built-in 2's complement types. In might be tempting to use a 127-bit type

render
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instead, and indeed this does work, but behaviour is still slightly different from a2's complement built-in type as the min and max
values areidentical (apart from the sign), where asthey differ by one for atrue 2's complement type. That said it should be noted
that there's no requirement for built-in types to be 2's complement either - it's simply that thisis the most common format by far.

» Attempting to print negative values as either an Octal or Hexadecimal string resultsin ast d: : runti me_er ror being thrown,
thisisadirect consequence of the sign-magnitude representation.

» Thefixed precisiontypes[ checked_] [ u] i nt XXX_t have expression template support turned off - it seemsto makelittle difference
to the performance of these types either way - so we may as well have the faster compile times by turning the feature off.

» Unsigned types support subtraction - the result is "as if" a 2's complement operation had been performed as long as they are not
checked-integers (see above). In other words they behave pretty much asabuilt in integer type would in this situation. So for example
if wewereusing ui nt 128_t thenui nt 128_t (1) - 4 would result in the value 0x FFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFD of
type ui nt 128_t . However, had this operation been performed on checked_ui nt 128 t then astd:: range_error would
have been thrown.

» Unary negation of unsigned types results in a compiler error (static assertion).
 This backend supports rvalue-references and is move-aware, making instantiations of nunber on this backend move aware.

» When used at fixed precision, the size of thistypeis always one machine word larger than you would expect for an N-bit integer:
the extra word stores both the sign, and how many machine words in the integer are actually in use. The latter is an optimisation
for larger fixed precision integers, so that a 1024-bit integer has almost the same performance characteristics as a 128-bit integer,
rather than being 4 times slower for addition and 16 times slower for multiplication (assuming the values involved would always
fit in 128 bits). Typically this means you can use an integer type wide enough for the "worst case scenario" with only minor per-
formance degradation even if most of the time the arithmetic could in fact be done with a narrower type.

» When used at fixed precision and MaxBits is smaller than the number of bits in the largest native integer type, then internally
cpp_i nt _backend switchesto a"trivial" implementation where it isjust athin wrapper around a single integer. Note that it will
till be dightly slower than a bare native integer, as it emulates a signed-magnitude representation rather than simply using the
platforms native sign representation: this ensures thereis no step change in behavior asacpp_int growsin size.

* Fixed precision cpp_i nt 's have some support for const expr values and user-defined literals, see here for the full description.
For example Oxf f f f f _cppi 1024 specifies a 1024-bit integer with the value Oxffff. This can be used to generate compile time
constants that are too large to fit into any built in number type.

Example:

#i ncl ude <boost/mul tiprecision/cpp_int.hpp>
usi ng namespace boost: :multiprecision;
intl28 t v = 1;
/1 Do sone fixed precision arithnetic:
for(unsigned i = 1; i <= 20; ++i)

2 I
std::cout << v << std::endl; // prints 20!
/'l Repeat at arbitrary precision:
cpp_int u = 1;
for(unsigned i = 1; i <= 100; ++i)

u*=1i;

std::cout << u << std::endl; // prints 100!

gmp_int

#i ncl ude <boost/mul ti precision/gnp. hpp>
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nanmespace boost{ nanmespace mul ti precision{
class gnp_int;
t ypedef nunber <gnp_int > npz_int;

}} /1 nanespaces

Thegnp_i nt back-end is used viathe typedef boost : : nul ti preci si on: : npz_i nt. It acts as a thin wrapper around the GMP
npz_t to provide an integer type that is adrop-in replacement for the native C++ integer types, but with unlimited precision.

Aswell asthe usual conversions from arithmetic and string types, type npz_i nt is copy constructible and assignable from:

* The GMP native types: npf _t , npz_t, npq_t .

* Instances of nunber <T> that are wrappers around those types: nunber <gnp_f | oat <N> >, nunber <gnp_r at i onal >.

It's also possible to access the underlying npz_t viathedat a() member function of gnp_i nt .

Things you should know when using this type:

» No changes are made to the GMP library's global settings - so you can safely mix this type with existing code that uses GMP.
» Default constructed gnp_i nt s have the value zero (thisis GMP's default behavior).

» Formatted 10 for this type does not support octal or hexadecimal notation for negative values, as a result performing formatted
output on this type when the argument is negative and either of theflagsst d: : i os_base: : oct orstd: :i os_base: : hex are
set, will resultinastd: : runti me_error will bethrown.

e Conversion from astring resultsinast d: : runti me_er r or being thrown if the string can not be interpreted as avalid integer.
 Division by zeroresultsinast d: : over f | ow_err or being thrown.

 Although thistypeisawrapper around GMPit will work equally well with MPIR. Indeed use of MPIR isrecommended on Win32.
 This backend supports rvalue-references and is move-aware, making instantiations of nunber on this backend move aware.

Example:

#i ncl ude <boost/nul tiprecision/ gnp. hpp>
usi ng nanespace boost::multiprecision;
nmpz_int v = 1;

/1 Do sone arithnetic:

for(unsigned i = 1; i <= 1000; ++i)

v =g

std::cout << v << std::endl; // prints 1000!
/1 Access the underlying representation:
npz_t z;

npz_init(z);

npz_set (z, v.backend().data());
tom_int

#i ncl ude <boost/nul tiprecision/tonmmath. hpp>
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nanmespace boost{ nanmespace mul ti precision{
class tommath_int;
t ypedef nunber<tommath_int > tom.int;

}} /1 nanespaces

Thet ommat h_i nt back-end is used via the typedef boost : : nmul ti preci si on::tom.int. It acts as a thin wrapper around the
libtommath t om i nt to provide an integer type that is a drop-in replacement for the native C++ integer types, but with unlimited
precision.

Things you should know when using this type:
» Default constructed objects have the value zero (thisis libtommath's default behavior).

» Althought om i nt ismostly adrop in replacement for the builtin integer types, it should be noted that it is arather strange beast
asit'sasigned typethat isnot a2's complement type. Asaresult the bitwise operations| & ~ will throwastd: : runtine_error
exception if either of the argumentsis negative. Similarly the complement operator~ is deliberately not implemented for thistype.

» Formatted 10 for this type does not support octal or hexadecimal notation for negative values, as a result performing formatted
output on this type when the argument is negative and either of theflagsst d: : i os_base: : oct orstd: :i os_base: : hex are
set, will resultinastd: : runti me_error will bethrown.

» Conversion from astring resultsinast d: : runt i me_er r or being thrown if the string can not be interpreted as a valid integer.
» Division by zeroresultsinast d: : overfl ow _error being thrown.

Example:

#i ncl ude <boost/nultiprecision/tommath. hpp>
boost::nultiprecision::tomint v =1

/1 Do some arithnetic:
for(unsigned i = 1; i <= 1000; ++i)
vV F=0g

std::cout << v << std::endl; // prints 1000!
std::cout << std::hex << v << std::endl; // prints 1000! in hex fornat

try{
std::cout << std::hex << -v << std::endl; // Qoops! can't print a negative value in hex format!

}

catch(const std::runtime_erroré& e)

{
std::cout << e.what() << std::endl
}
try{
/1 v is not a 2's conplenent type, bitw se operations are only supported
/1 on positive val ues
V =-Vv &2
}
catch(const std::runtinme_erroré& e)
{
std::cout << e.what() << std::endl
}
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Examples

Factorials

In this simple example, we'll write aroutine to print out all of the factorials which will fit into a 128-bit integer. At the end of the
routine we do some fancy iostream formatting of the results:

#i ncl ude <boost/mul tiprecision/cpp_int.hpp>
#i ncl ude <i ostreanr

#i ncl ude <i omani p>

#i ncl ude <vector>

void print_factorials()

{
usi ng boost::nultiprecision::cpp_int;
11
/1 Print all the factorials that will fit inside a 128-bit integer.
11
/1 Begin by building a big table of factorials, once we know just how
/1 large the largest is, we'll be able to "pretty format" the results.
11

/1 Calculate the largest nunber that will fit inside 128 bits, we could
/] also have used numeric_limts<int128_t>::max() for this val ue:
cpp_int limt = (cpp_int(1) << 128) - 1;

/1

/'l Qur table of values:

std::vector<cpp_int> results;

I
/1 Initial values:
unsigned i = 1;
cpp_int factorial = 1;
I
/1 Cycle through the factorials till we reach the limt:
while(factorial < linmt)
{
resul ts. push_back(factorial);
++i ;
factorial *=i;
}
I

/1 Lets see how many digits the |argest factorial was:
unsigned digits = results. back().str().size();

/1
/1 Now print themout, using right justification, while we're at it
/1 we'll indicate the limt of each integer type, so begin by defining

/1 the limts for 16, 32, 64 etc bit integers:

cpp_int limts[] = {
(cpp_int(1) << 16) - 1,
(cpp_int (1) << 32) - 1,
(cpp_int(1l) << 64) - 1,
(cpp_int(1l) << 128) - 1

b

std::string bit_counts[] = { "16", "32", "64", "128" };
unsigned current_limt = 0;

for(unsigned j = 0; j < results.size(); ++j)

if(limts[current_limt] < results[j])

{
std::string nessage = "Limt of " + bit_counts[current_limt] + " bit integers";
std::cout << std::setfill('.") << std::setw(digits+l) << std::right << message << std::setO
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fill(" ') << std::endl
++current _limt;

}

std::cout << std::setw(digits + 1) << std::right << results[j] << std::endl

The output from thisroutineis:

1

2

6

24

120

720

5040

40320

................ Limt of 16 bit integers
362880

3628800

39916800

479001600

................ Limt of 32 bit integers
6227020800

87178291200

1307674368000

20922789888000

355687428096000

6402373705728000

121645100408832000

2432902008176640000

................ Limt of 64 bit integers
51090942171709440000
1124000727777607680000
25852016738884976640000
620448401733239439360000
15511210043330985984000000
403291461126605635584000000
10888869450418352160768000000
304888344611713860501504000000
8841761993739701954543616000000
265252859812191058636308480000000
8222838654177922817725562880000000
263130836933693530167218012160000000
8683317618811886495518194401280000000
295232799039604140847618609643520000000

Bit Operations

In this example we'll show how individual bits within an integer may be manipulated, we'll start with an often needed cal culation of
2" - 1, which we could obviously implement like this:

usi ng boost: :multiprecision::cpp_int;

cpp_i nt bl(unsigned n)
{

cpp_int r(1);

return (r << n) - 1;

16
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Calling:
std::cout << std::hex << std::showbase << bl1l(200) << std::endl;

Yields as expected:

0x FFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFF

However, we could equally just set the n'th bit in the result, like this:

cpp_i nt b2(unsigned n)

{
cpp_int r(0);
return --bit_set(r, n);

Note how the bi t _set function sets the specified bit in its argument and then returns a reference to the result - which we can then
simply decrement. The result from a call to b2 isthe same asthat to b1.

We can equally test hits, so for example the n'th bit of the result returned from b2 shouldn't be set unless we increment it first:

assert(!bit_test(bl(200), 200)); /1 OK
assert(bit_test(++b1(200), 200)); /1 OK

And of courseif we flip the n'th bit after increment, then we should get back to zero:

assert(!bit_flip(++b1(200), 200)); Il K

Floating Point Numbers

The following back-ends provide floating point arithmetic:

17
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Backend Type Header Radix Dependencies Pros Cons
cpp_bin float<N> boost/multipreci- 2 None Header only, al Approximately 2x
son/gp hin floethpp C++ implementa dSlower than the
tion. Boost licence.  MPFRor GMPlib-
raries.
cpp_dec_fl oat<N> boost/multipreci- 10 None Header only, al Approximately 2x
don/gop_dec floethpp C++ implementa- dower than the
tion. Boostlicence.  MPFRor GMPlib-
raries.
npf _f | oat <N> boost/multipreci- 2 GMP Very fast and effi- Dependency  on
sion/gmp.hpp cient back-end. GNU licensed
GMP library.
npfr_float<N>  boost/multipreci- 2 GMP and MPFR Very fast and effi- Dependency  on
sion/mpfr.hpp cient  back-end, GNU licensed
withitsown stand- GMP and MPFR
ard library imple- libraries.
mentation.
float 128 boost/multipreci- 2 Either libquadmath  Very fast and effi- Depends on the
sion/float128.hpp or the Intel C++ cient back-end for compiler being
Math library. 128-bit  floating either recent GCC
point values (113- or Intel C++ ver-
bit mantissa, equi- sions.
valent to FOR-
TRAN's QUAD
real)
cpp_bin_float
#i ncl ude <boost/nultiprecision/cpp_bin_float. hpp>
18
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nanmespace boost{ nanmespace mul ti precision{

enum di gi t _base_type
{
digit_base_2 = 2
digit_base_10 = 10
b
tenpl ate <unsigned Digits, digit_base type base = digit_base_10, class Allocator = void, class ExO
ponent = int, ExponentMn = 0, ExponentMax = 0>
cl ass cpp_bin_float;

t ypedef nunber <cpp_bi n_fl oat <50> > cpp_bi n_fl oat _50;
t ypedef nunber <cpp_bi n_fl oat <100> > cpp_bi n_fl oat _100

t ypedef nunber <backends: :

cpp_bi n_float <24, backends: :di O

git_base_2, void, boost::intl6_t, -126, 127>, et_off> cpp_bin_float_single

t ypedef nunber <backends: : cpp_bi n_fl oat <53, backends: : di O

git_base_2, void, boost::intl6_t, -1022, 1023>, et_off> cpp_bi n_fl oat _doubl e

t ypedef nunber <backends: : cpp_bi n_fl oat <64, backends: :di O

git_base_2, void, boost::intl6_t, -16382, 16383> et_off> cpp_bi n_fl oat _doubl e_ext ended
t ypedef nunber <backends: : cpp_bi n_fl oat <113, backends::di O

git_base 2, void, boost::intl6_t, -16382, 16383> et_off> cpp_bin_float_quad

}} /1 nanespaces

Thecpp_bi n_fl oat back-end is used in conjunction with nunber : It acts as an entirely C++ (header only and dependency free)
floating-point number type that is a drop-in replacement for the native C++ floating-point types, but with much greater precision.

Type cpp_bi n_float can be used at fixed precision by specifying a non-zero Di gi t s template parameter. The typedefs
cpp_bi n_fl oat _50 and cpp_bi n_f | oat _100 provide arithmetic types at 50 and 100 decimal digits precision respectively.

Optionaly, you can specify whether the precision is specified in decimal digits or binary bits - for example to declare a
cpp_bi n_f | oat with exactly the same precision asdoubl e one would use nunber <cpp_bi n_f | oat <53, digit_base_2> >.
Thetypedefscpp_bi n_fl oat _si ngl e,cpp_bi n_f | oat _doubl e, cpp_bi n_f | oat _quad andcpp_bi n_f | oat _doubl e_ex-
t ended provide software anal ogues of the | EEE single, double and quad float datatypes, plusthe Intel-extended-doubl e type respect-
ively. Note that while these types are functionally equivalent to the native |EEE types, but they do not have the same size or bit-
layout as true IEEE compatible types.

Normally cpp_bi n_f | oat alocates no memory: all of the space required for its digits are allocated directly within the class. Asa
result care should be taken not to use the class with too high a digit count as stack space requirements can grow out of control. If
that represents a problem then providing an allocator as a template parameter causes cpp_bi n_f | oat to dynamically allocate the
memory it needs: this significantly reducesthe size of cpp_bi n_f | oat and increasesthe viable upper limit on the number of digits
at the expense of performance. However, please bear in mind that arithmetic operations rapidly become very expensive as the digit
count grows: the current implementation really isn't optimized or designed for large digit counts. Note that since the actual type of
the objects allocated is compl etely opaque, the suggestion would be to use an allocator with voi d val ue_t ype, for example: num
ber <cpp_bi n_fl oat <1000, digit_base 10, std::allocator<void> > >,

The final template parameters determine the type and range of the exponent: parameter Exponent can be any signed integer type,
but notethat M nExponent and MaxExponent can not go right up to the limits of the Exponent type asthere hasto be alittle extra
headroom for internal calculations. You will get acompiletime error if thisis the case. In addition if MinExponent or MaxExponent
are zero, then the library will choose suitable values that are as large as possible given the constraints of the type and need for extra
headroom for internal calculations.

Thereisfull standard library and nuneri c_I i mi t s support available for thistype.

Things you should know when using this type:

» Default constructed cpp_bi n_f | oat s have avalue of zero.

» Theradix of thistypeis 2, even when the precision is specified as decimal digits.
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» Thetype supports both infinities and NaN's. An infinity is generated whenever the result would overflow, and aNaN is generated
for any mathematically undefined operation.

e Thereisastd::numeric_limnts speciaisation for thistype.

* Any nunber instantiated on thistype, is convertible to any other nunber instantiated on this type - for example you can convert
from nunber <cpp_bi n_f | oat <50> >tonunber <cpp_bi n_f | oat <SomeQ her Val ue> >. Narrowing conversions round to
nearest and areexplicit.

e Conversion fromastring resultsinastd: : runti me_error being thrown if the string can not be interpreted as a valid floating
point number.

 All arithmetic operations are correctly rounded to nearest. String conversions and the sqr t function are aso correctly rounded,
but transcendental functions (sin, cos, pow, exp €tc) are not.

cpp_bin_float example:

#i ncl ude <boost/nul tiprecision/cpp_bin_float. hpp>
usi ng nanespace boost::multiprecision;

/'l Operations at fixed precision and full nuneric_linmts support:

cpp_bin_float_100 b = 2;

std::cout << std::numeric_limts<cpp_bin_float_100>::digits << std::endl;

std::cout << std::numeric_limts<cpp_bin_float_100>::digitsl0 << std::endl;

/1 We can use any C++ std lib function, lets print all the digits as well:

std::cout << std::setprecision(std::numeric_limts<cpp_bin_float_100>:: max_di gi ts10)
<< log(b) << std::endl; // print |og(2)

/1 We can al so use any function from Boost. Mat h:

std::cout << boost::math::tgamua(b) << std::endl;

/'l These even work when the argunent is an expression tenplate:

std::cout << boost::math::tgamma(b * b) << std::endl;

/1 And since we have an extended exponent range we can generate sone really |large

/'l nunbers here (4.0238726007709377354370243e+2564):

std::cout << boost::math::tgamra(cpp_bin_float_100(1000)) << std::endl;

cpp_dec_float

#i ncl ude <boost/mul tiprecision/cpp_dec_fl oat. hpp>

namespace boost{ nanmespace mul ti precision{

tenpl ate <unsi gned Di gitsl0, class Exponent Type = boost::int32_t, class Allocator = void>
cl ass cpp_dec_fl oat;

t ypedef nunber <cpp_dec_fl oat <50> > cpp_dec_fl oat _50;
t ypedef nunber <cpp_dec_fl oat <100> > cpp_dec_fl oat _100;

}} /1 nanespaces

Thecpp_dec_f 1 oat back-end is used in conjunction with nunber : It acts as an entirely C++ (header only and dependency free)
floating-point number type that is a drop-in replacement for the native C++ floating-point types, but with much greater precision.

Type cpp_dec_f | oat can be used at fixed precision by specifying a non-zero Di gi t s10 template parameter. The typedefs
cpp_dec_fl oat _50 and cpp_dec_f | oat _100 provide arithmetic types at 50 and 100 decimal digits precision respectively. Op-
tionally, you can specify an integer typeto use for the exponent, this defaultsto a 32-bit integer type which is more than large enough
for the vast majority of use cases, but larger types such asl ong | ong can aso be specified if you need atruly huge exponent range.
In any case the ExponentType must be a built in signed integer type at least 2 bytes and 16-bits wide.

20

httpo://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Multiprecision

Normally cpp_dec_f | oat alocates no memory: all of the space required for its digits are allocated directly within the class. Asa
result care should be taken not to use the class with too high a digit count as stack space requirements can grow out of control. If
that represents a problem then providing an allocator asthefinal template parameter causescpp_dec_f | oat todynamically allocate
the memory it needs: this significantly reduces the size of cpp_dec_f | oat and increases the viable upper limit on the number of
digits at the expense of performance. However, please bear in mind that arithmetic operations rapidly become very expensive as the
digit count grows: the current implementation really isn't optimized or designed for large digit counts.

Thereisfull standard library and nuneri c_I i m t s support available for thistype.

Things you should know when using this type:

 Default constructed cpp_dec_f | oat s have avalue of zero.

» Theradix of thistypeis 10. Asaresult it can behave subtly differently from base-2 types.

» The type has a number of internal guard digits over and above those specified in the template argument. Normally these should
not be visible to the user.

» Thetype supports both infinities and NaN's. An infinity is generated whenever the result would overflow, and a NaN is generated
for any mathematically undefined operation.

e Thereisastd::numeric_limnts speciaisation for thistype.

* Any nunber instantiated on thistype, is convertible to any other nunber instantiated on this type - for example you can convert
from nunber <cpp_dec_f | oat <50> > tonunber <cpp_dec_f | oat <SoneQ her Val ue> >. Narrowing conversions are trun-
catingandexplicit.

e Conversion fromastring resultsinastd: : runti me_error being thrown if the string can not be interpreted as a valid floating
point number.

» Theactua precision of acpp_dec_f | oat isawaysdightly higher than the number of digits specified in the template parameter,
actually how much higher is an implementation detail but is always at least 8 decimal digits.

» Operationsinvolving cpp_dec_f | oat are always truncating. However, note that since their are guard digitsin effect, in practice
this has no real impact on accuracy for most use cases.

cpp_dec_float example:

#i ncl ude <boost/multiprecision/cpp_dec_fl oat. hpp>
usi ng namespace boost: :multiprecision;

/1l Operations at fixed precision and full nunmeric_limts support:

cpp_dec_float_100 b = 2;

std::cout << std::numeric_limts<cpp_dec_float_100>::digits << std::endl;

/1l Note that digitsl0 is the same as digits, since we're base 10!

std::cout << std::numeric_limts<cpp_dec_float_100>::digitsl0 << std::endl;

/1 W can use any C++ std lib function, lets print all the digits as well:

std::cout << std::setprecision(std::numeric_limts<cpp_dec_float_100>:: max_di gi ts10)
<< log(b) << std::endl; // print |og(2)

/1 W can al so use any function from Boost. Mat h:

std::cout << boost::math::tgamm(b) << std::endl;

/'l These even work when the argunent is an expression tenplate:

std::cout << boost::math::tgamm(b * b) << std::endl;

/1 And since we have an extended exponent range we can generate sone really |arge

/1 nunmbers here (4.0238726007709377354370243e+2564):

std::cout << boost::math::tgamm(cpp_dec_float_100(1000)) << std::endl;

gmp_float

#i ncl ude <boost/mul ti precision/gnp. hpp>
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nanmespace boost{ nanmespace mul ti precision{

tenpl ate <unsi gned Di gi ts10>
class gnp_fl oat;

t ypedef nunber <gnp_f | oat <50> > npf _fl oat _50;

t ypedef nunber <gnp_fl oat <100> > npf _fl oat _100;
t ypedef nunber <gnp_f Il oat <500> > npf _fl oat _500;
t ypedef nunber <gnp_fl oat <1000> > npf_fl oat_1000;
t ypedef nunber <gnp_f| oat <0> > npf _fl oat;

}} /1 nanespaces

Thegnp_f I oat back-end isused in conjunction with nunber : it acts as athin wrapper around the GMP npf _t to providean real-
number type that is adrop-in replacement for the native C++ floating-point types, but with much greater precision.

Type gnp_f | oat can be used at fixed precision by specifying a non-zero Di gi t s10 template parameter, or at variable precision
by setting the template argument to zero. The typedefs mpf float 50, mpf float 100, mpf_float 500, mpf_float 1000 provide
arithmetic types at 50, 100, 500 and 1000 decimal digits precision respectively. The typedef mpf_float provides a variable precision
type whose precision can be controlled viathe nunber s member functions.

S Note
Thistypeonly provides standard library and numer i c_1I i ni t s support when the precision isfixed at compiletime.

Aswell asthe usual conversions from arithmetic and string types, instances of nunber <npf _f | oat <N> > are copy constructible
and assignable from:

* The GMP native typesnpf _t , npz_t , npq_t .

e Thenunber wrappers around those types: nunber <npf _f | oat <M> >, nunber <gnp_i nt >, nunber <gnp_r at i onal >.
It's also possible to access the underlying npf _t viathedat a() member function of gnp_f | oat .

Things you should know when using this type:

 Default constructed gnp_f | oat s have the value zero (thisisthe GMP library's default behavior).

» No changes are made to the GMP library's global settings, so this type can be safely mixed with existing GMP code.
 This backend supports rvalue-references and is move-aware, making instantiations of nunber on this backend move aware.

* Itisnot possible to round-trip objects of thistype to and from a string and get back exactly the same value. This appearsto be a
limitation of GMP.

* Sincethe underlying GM P types have no notion of infinities or NaN's, care should be taken to avoid numeric overflow or division
by zero. That latter will result in a std::overflow_error being thrown, while generating excessively large exponents may result in
instability of the underlying GMP library (in testing, converting a number with an excessively large or small exponent to a string
caused GMP to segfault).

* Thistype can equally be used with MPIR as the underlying implementation - indeed that is the recommended option on Win32.

e Conversion from astring resultsinastd: : runti me_error being thrown if the string can not be interpreted as a valid floating
point number.

 Division by zeroresultsinast d: : over f| ow_err or being thrown.
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GMP example:

#i ncl ude <boost/mul tiprecision/ gnp. hpp>
usi ng namespace boost: :multiprecision;

/1 Operations at variable precision and limted standard |ibrary support:
mpf _float a = 2;

npf _fl oat::default_precision(1000);

std::cout << npf_float::default_precision() << std::endl;

std::cout << sqgrt(a) << std::endl; // print root-2

/1l Operations at fixed precision and full standard |ibrary support:
mpf _float_100 b = 2;

std::cout << std::numeric_limts<npf_float_100>::digits << std::endl;
/1 W can use any C++ std lib function:

std::cout << log(b) << std::endl; // print |og(2)

/1 W can al so use any function from Boost. Mat h:

std::cout << boost::math::tgamm(b) << std::endl;

/'l These even work when the argunent is an expression tenplate:
std::cout << boost::math::tgamm(b * b) << std::endl;

/1l Access the underlying representation:
mpf _t f;

mpf _init(f);

npf _set (f, a. backend().data());

mpfr_float

#i ncl ude <boost/rul tiprecision/ npfr. hpp>

namespace boost{ namespace multi precision{

enum npfr_al |l ocation_type

{

al | ocat e_st ack,
al  ocat e_dynani c

}

tenpl ate <unsi gned Di gits10, npfr_allocation_type Al ocateType = all ocate_dynam c>
cl ass npfr_fl oat_backend;

t ypedef nunber <npfr_fl oat _backend<50> > nmpfr_fl oat _50;

t ypedef nunber <npfr_fl oat _backend<100> > nmpfr_fl oat _100;
t ypedef nunber <npfr_fl oat _backend<500> > nmpfr _f | oat _500;
t ypedef nunber <npfr_fl oat_backend<1000> > npfr_fl oat_1000;
t ypedef nunber <npfr_fl oat_backend<0> > nmpfr_fl oat;

t ypedef nunber <npfr_fl oat_backend<50, allocate_stack> > static_npfr_float_50;
t ypedef nunber <npfr_fl oat_backend<100, all ocate_stack> > static_npfr_float_100;

}} /1 nanespaces

Thenpf r _f | oat _backend typeisused in conjunction with nunber : It actsas athin wrapper around the MPFR npf r _t to provide
an real-number type that is a drop-in replacement for the native C++ floating-point types, but with much greater precision.

Typenpfr _fl oat _backend can be used at fixed precision by specifying anon-zero Di gi t s10 template parameter, or at variable
precision by setting the template argument to zero. The typedefs mpfr_float_50, mpfr_float_100, mpfr_float 500, mpfr_float_ 1000
provide arithmetic types at 50, 100, 500 and 1000 decimal digits precision respectively. The typedef mpfr_float provides avariable
precision type whose precision can be controlled via the nunber s member functions.
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In addition the second template parameter lets you choose between dynamic allocation (the default, and uses MPFR's normal alloc-
ation routines), or stack allocation (where al the memory required for the underlying data types is stored within np-
fr_float_backend). The latter option can result in significantly faster code, at the expense of growing the size of np-
fr_float_backend. It can only be used at fixed precision, and should only be used for lower digit counts. Note that we can not
guarantee that using al | ocat e_st ack won't cause any calls to mpfr's alocation routines, as mpfr may call these inside it's own
code. The following table gives an idea of the performance tradeoff's at 50 decimal digits precisjonz:

Type Bessel function evaluation, relative times

nunber <npfr_f| oat _backend<50, allocate_static>  1.0(5.59)
et_on>

nunber <npfr_f| oat _backend<50, allocate_static>  1.05(5.89)
et _off>

nunber <npfr _f | oat _backend<50, al |l ocate_dynanic>  1.05(5.89)
et _on>

nunber <npfr _f | oat _backend<50, al |l ocate_dynanic>,  1.16 (6.49)
et _off>

Note
S Thistype only providesnumeri c_| i mi t s support when the precision is fixed at compile time.
Aswell as the usual conversions from arithmetic and string types, instances of nunber <npfr_f | oat _backend<N> > are copy
constructible and assignable from:
e The GMP nativetypesnpf _t,npz_t,npqg_t.
* The MPFR nativetypempfr_t.

e The nunber wrappers around those types. nunber <npfr_fl oat _backend<M> >, nunber <npf _fl oat<M> >, num
ber <gnp_i nt >, nunber <gnp_r ati onal >.

It's also possible to access the underlying npf r _t viathe data() member function of npf r _f | oat _backend.

Things you should know when using this type:

» A default constructed nmpf r _f | oat _backend isset to aNaN (thisisthe default MPFR behavior).

« All operations use round to nearest.

» No changes are made to GMP or MPFR global settings, so this type can coexist with existing MPFR or GMP code.

» The code can equally use MPIR in place of GMP - indeed that is the preferred option on Win32.

 This backend supports rvalue-references and is move-aware, making instantiations of nunber on this backend move aware.

» Conversion from astring resultsinast d: : runt i ne_er r or being thrown if the string can not be interpreted as a valid floating
point number.

 Division by zero resultsin an infinity.

2 Compiled with VC++10 and /Ox, with MPFR-3.0.0 and MPIR-2.3.0
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MPFR example:

#i ncl ude <boost/mul tiprecision/ mpfr. hpp>
usi ng namespace boost: :multiprecision;

/'l Operations at variable precision and no numeric_limts support:
mpfr_float a = 2;

npfr_float::default_precision(1000);

std::cout << npfr_float::default_precision() << std::endl;
std::cout << sqgrt(a) << std::endl; // print root-2

/1l Operations at fixed precision and full nunmeric_limts support:
mpfr_float_100 b = 2;

std::cout << std::numeric_limts<npfr_float_100>::digits << std::endl;
/1 W can use any C++ std lib function:

std::cout << log(b) << std::endl; // print |og(2)

/1 W can al so use any function from Boost. Mat h:

std::cout << boost::math::tgamm(b) << std::endl;

/'l These even work when the argunent is an expression tenplate:
std::cout << boost::math::tgamm(b * b) << std::endl;

/'l Access the underlying data:
mpfr_t r;

mpfr_init(r);
mpfr_set(r, b.backend().data(), GVP_RNDN);

float128

#i ncl ude <boost/nultiprecision/float128. hpp>

namespace boost{ namespace multi precision{
cl ass fl oat 128 _backend;
t ypedef nunber <fl oat 128 _backend, et_off> fl oat 128;

}} /1 nanespaces

Thef | oat 128 number typeisavery thinwrapper around GCC'sf | oat 128 or Intel's_Quad datatypesand provides an real-number
typethat isadrop-in replacement for the native C++ floating-point types, but with a113 bit mantissa, and compatiblewith FORTRAN's
128-bit QUAD real.

All the usua standard library and numeri c_l i mit's support are available, performance should be equivalent to the underlying
native types: for example the LINPACK benchmarks for GCC's f | oat 128 and boost : : mul ti preci si on: : f| oat 128 both
achieved 5.6 MFLOPS”.

As well as the usual conversions from arithmetic and string types, instances of f | oat 128 are copy constructible and assignable
from GCC'sf | oat 128 and Intel's_Quad datatypes.

It's also possible to access the underlying f | oat 128 or _Quad typeviathedat a() member function of f | oat 128_backend.
Things you should know when using this type:
 Default constructed f | oat 128s have the value zero.

» This backend supports rvalue-references and is move-aware, making instantiations of nunber on this backend move aware.

3 On 64-hit Ubuntu 11.10, GCC-4.8.0, Intel Core 2 Duo T5800.
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* Itisnot possible to round-trip objects of this type to and from a string and get back exactly the same value when compiled with
Intel's C++ compiler and using _Quad as the underlying type: thisis a current limitation of our code. Round tripping when using
f 1 oat 128 asthe underlying typeis possible (both for GCC and Intel).

» Conversion from astring resultsinast d: : runt i ne_er r or being thrown if the string can not be interpreted as a valid floating
point number.

* Division by zero resultsin an infinity being produced.
e Typefl oat 128 can be used asaliteral type (constexpr support).

* When using the Intel compiler, the underlying type defaultsto f | oat 128 if it'savailable and _Quad if not. You can override the
default by defining either BOOST_MP_USE_FLOAT128 or BOOST_MP_USE_QUAD.

* When theunderlying typeisiIntel's_Quad type, the code must be compiled with the compiler option - Qopt i on, cpp, - - ext en-
ded_f | oat _type.

float128 example:

#i ncl ude <boost/mul tiprecision/float128. hpp>
usi ng namespace boost: :multiprecision

/1l Operations at 128-bit precision and full nuneric_linmts support:
float128 b = 2;
/1l There are 113-bits of precision
std::cout << std::numeric_limts<floatl28>::digits << std::endl
/1 O 34 decinmal places:
std::cout << std::numeric_limts<float1l28>::digitsl0 << std::endl
/1 W can use any C++ std lib function, lets print all the digits as well:
std::cout << std::setprecision(std::numeric_limts<float128>::nax_digitsl0)
<< log(b) << std::endl; // print log(2) = 0.693147180559945309417232121458176575
/1 W can al so use any function from Boost. Mat h:
std::cout << boost::math::tgamm(b) << std::endl
/1 And since we have an extended exponent range we can generate sone really |arge
/1 nunmbers here (4.02387260077093773543702433923004111e+2564):
std::cout << boost::math::tgamm(float128(1000)) << std::endl
I
/1 W can declare constants using GCC or Intel's native types, and the Q suffix,
/'l these can be decl ared constexpr if required

constexpr float128 pi = 3.1415926535897932384626433832795028841971693993751058Q

Examples

Area of Circle

Generic numeric programming employs templates to use the same code for different floating-point types and functions. Consider
the area of acircleaof radiusr, given by

a= m* r?

The area of acircle can be computed in generic programming using Boost.Math for the constant 1t as shown below:
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#i ncl ude <boost/ mat h/ const ants/ constants. hpp>

t enpl at e<t ypenane T>
inline T area_of _a_circle(Tr)

{
usi ng boost::math::constants:: pi;
return pi<T>() *r * r;

Itispossibletousear ea_of _a_ci rcl e() with built-in floating-point types aswell asfloating-point typesfrom Boost.Multiprecision.
In particular, consider a system with 4-byte single-precision float, 8-byte double-precision double and alsothecpp_dec_f 1 oat 50
data type from Boost.Multiprecision with 50 decimal digits of precision.

We can compute and print the approximate area of a circle with radius 123/100 for f | oat , doubl e and cpp_dec_f | oat _50 with
the program below.

#i ncl ude <i ostreanr

#i ncl ude <i omani p>

#i ncl ude <boost/nultiprecision/cpp_dec_fl oat. hpp>
usi ng boost::multiprecision::cpp_dec_float_50;

int main(int, char**)

{

const float r_f(float(123) / 100);

const float a_f = area _of _a circle(r_f);

const doubl e r_d(doubl e(123) / 100);

const double a_d = area_of _a_circle(r_d);

const cpp_dec_float_50 r_np(cpp_dec_float_50(123) / 100);

const cpp_dec_float_50 a_np = area_of _a_circle(r_np);

/1 4.75292

std: : cout
<< std::setprecision(std::numeric_limts<float>::digitsl0)
<< a_f

<< std::endl;

/1 4.752915525616

std: : cout
<< std::setprecision(std::numeric_limts<double>::digitsl0)
<< a_d
<< std::endl;

/1 4.7529155256159981904701331745635599135018975843146
std: : cout
<< std::setprecision(std::nuneric_limts<cpp_dec_float_50>::digitsl0)

<< a_n‘p
<< std::endl;

In the next example we'll look at calling both standard library and Boost.Math functions from within generic code. We'll also show
how to cope with template arguments which are expression-templates rather than number types.

Defining a Special Function.

In this example we'll show several implementations of the Jahnke and Emden Lambda function, each implementation a little more
sophisticated than the last.

The Jahnke-Emden Lambda function is defined by the equation:
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JahnkeEmden(v, 2) = Mv+1) * 3,2 / (z/ 2)"

If we were to implement this at double precision using Boost.Math's facilities for the Gamma and Bessel function callsit would look
like this:

doubl e JEL1(double v, double z)
{

}

return boost::math::tgamma(v + 1) * boost::math::cyl _bessel j(v, z) / std::pow(z / 2, v);

Calling this function as:

std::cout << std::scientific << std::setprecision(std::numeric_|imts<double>::digitsl0)
std::cout << JEL1(2.5, 0.5) << std::endl;

Yields the output:

9. 822663964796047e- 001

Now let's implement the function again, but this time using the multiprecision type cpp_dec_f | oat _50 asthe argument type:

boost:: nultiprecision::cpp_dec_float_50
JEL2(boost::multiprecision::cpp_dec_float_50 v, boost::nultiprecision::cpp_dec_float_50 z)

{

return boost::math::tgamm(v + 1) * boost::math::cyl_bessel _j(v, z) / boost::multipreciO
sion::pow(z / 2, Vv);
}

The implementation is almost the same as before, but with one key difference - we can no longer call st d: : pow, instead we must
call theversioninsidetheboost : : nul ti preci si on namespace. In point of fact, we could have omitted the namespace prefix on
the call to pow since the right overload would have been found via argument dependent lookup in any case.

Note also that the first argument to pow along with the argument to t ganma in the above code are actually expression templates.
The powand t ganma functions will handle these arguments just fine.

Here's an example of how the function may be called:

std::cout << std::scientific << std::setprecision(std::numeric_limts<cpp_dec_float_50>::digitsl0);
std::cout << JEL2(cpp_dec_float_50(2.5), cpp_dec_float_50(0.5)) << std::endl;

Which outputs:

9. 82266396479604757017335009796882833995903762577173e- 01

Now that we've seen some non-template examples, lets repeat the code again, but this time as a template that can be called either
with abuiltin type (f | oat , doubl e etc), or with a multiprecision type:

tenpl ate <cl ass Fl oat >
Fl oat JEL3(Float v, Float z)

{
using std:: pow,
return boost::math::tgama(v + 1) * boost::math::cyl_bessel j(v, z) / pow(z / 2, v);

Once again the code is almost the same as before, but the call to pow has changed yet again. We need the call to resolve to either
st d: : pow (when the argument is a builtin type), or to boost : : nul ti preci si on: : pow (when the argument is a multiprecision
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type). We do that by making the call unqualified so that versions of pow defined in the same namespace as type Fl oat are found
viaargument dependent lookup, whiletheusi ng st d: : powdirective makesthe standard library versionsvisiblefor builtin floating
point types.

Let's call the function with both doubl e and multiprecision arguments:

std::cout << std::scientific << std::setprecision(std::nuneric_|limts<double>::digitsl0);
std::cout << JEL3(2.5, 0.5) << std::endl;

std::cout << std::scientific << std::setprecision(std::nunmeric_limts<cpp_dec_float_ 50>::digitsl0);
std::cout << JEL3(cpp_dec_float 50(2.5), cpp_dec_float_50(0.5)) << std::endl;

Which outputs:

9. 822663964796047e- 001
9. 82266396479604757017335009796882833995903762577173e-01

Unfortunately there is a problem with this version: if we were to call it like this:

boost::nultiprecision::cpp_dec_float_50 v(2), z(0.5);
JEL3(v + 0.5, z);

Then we would get along and inscrutable error message from the compiler: the problem here is that the first argument to JEL3 is
not a number type, but an expression template. We could obviously add a typecast to fix the issue:

JEL(cpp_dec_float_50(v + 0.5), z);

However, if we want the function JEL to be truly reusable, then a better solution might be preferred. To achieve this we can borrow
some code from Boost.Math which calculates the return type of mixed-argument functions, here's how the new code looks now:

tenpl ate <class Floatl, class Float2>

typenanme boost::nmath::tool s::pronote_args<Floatl, Float2>::type
JELA(Floatl v, Float2 z)

{

using std:: pow,
return boost::math::tgama(v + 1) * boost::math::cyl_bessel j(v, z) / pow(z / 2, v);

Asyou can see the two arguments to the function are now separate template types, and the return type is computed using the pr o-
not e_ar gs metafunction from Boost.Math.

Now we can call:

std::cout << std::scientific << std::setprecision(std::numeric_|limts<cpp_dec_float_100>::di O
gits10);
std::cout << JEL4(cpp_dec_float_100(2) + 0.5, cpp_dec_float_100(0.5)) << std::endl;

And get 100 digits of output:

9. 8226639647960475701733500979688283399590376257717309069410413822165082248153638454147004236848917775e-
01

Asabonus, we can now call the function not just with expression templates, but with other mixed types aswell: for examplef | oat
and doubl e ori nt and doubl e, and the correct return type will be computed in each case.

Note that whilein this case we didn't have to change the body of the function, in the general case any function like thiswhich creates
local variables internally would have to use pr onot e_ar gs to work out what type those variables should be, for example:
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tenpl ate <class Floatl, class Float2>
typenane boost::math::tools::pronote_args<Floatl, Float2>::type

{

JELS5(Floatl v, Float2 z)

using std:: pow,

typedef typenane boost::nmath::tools::pronpte_args<Floatl, Float2>: :type variable_type;
variable_type t = pow(z / 2, v);

return boost::math::tgamma(v + 1) * boost::math::cyl_bessel j(v, z) / t;

Calculating a Derivative

In this example we'll add even more power to generic numeric programming using not only different floating-point types but also
function objects as template parameters. Consider some well-known central difference rules for numerically computing the first de-
rivative of afunction f(x) with x [7 [7:

(D

fix) = my + O(dx’)
£/ = Fmy—gmy+ O(dx*)
f'(x) = %ml - %mz + %m3 +O(dx®)

Where the difference terms m,, are given by:

)

S tdx)— fx—dx)

my = 2dx

_ fx+2dx)— f(x —2dx)
m; = 4dx

_ f(x+3dx)— f(x—3dx)
my = 6dx

and dx is the step-size of the derivative.

The third formulain Equation 1 is athree-point central difference rule. It calculates the first derivative of f'(x) to O(dx6), where dx
is the given step-size. For example, if the step-size is 0.01 this derivative calculation has about 6 decimal digits of precision - just
about right for the 7 decimal digits of single-precision float. Let's make a generic template subroutine using this three-point central
differencerule. In particular:

t enpl at e<t ypenane val ue_type, typenane function_type>

{

val ue_type derivative(const value_type x, const value_type dx, function_type func)

/1 Compute d/dx[func(*first)] using a three-point
/1 central difference rule of O dx"6).

const val ue_type dx1 = dx;
const val ue_type dx2 = dx1 * 2;
const val ue_type dx3 = dx1 * 3;

const val ue_type ni
const val ue_type n®
const val ue_type nB

(func(x + dx1) - func(x - dx1)) / 2;
(func(x + dx2) - func(x - dx2)) / 4,
(func(x + dx3) - func(x - dx3)) / 6

const value_type fifteen_m = 15 * ml;
const val ue_type six_n? = 6 * n2;
const val ue_type ten_dxl1l = 10 * dx1;

return ((fifteen_ml - six_nR) + nmB) / ten_dx1;
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Thederi vative() template function can be used to compute the first derivative of any function to O(dx6). For example, consider
the first derivative of sin(x) evaluated at x = 773. In other words,

3) %sinx = cos% = %

The code below computes the derivative in Equation 3 for float, double and boost's multiple-precision type cpp_dec_float_50.

#i ncl ude <i ostreanr

#i ncl ude <i omani p>

#i ncl ude <boost/nultiprecision/cpp_dec_float. hpp>
#i ncl ude <boost/ mat h/ constants/ constants. hpp>

int main(int, char**)
{
usi ng boost::math::constants:: pi;
usi ng boost::nultiprecision::cpp_dec_float_ 50;

/1

/1 We'll pass a function pointer for the function object passed to derivative,
/'l the typecast is needed to select the correct overload of std::sin:

/1

const float d_f = derivative(
pi<float>() / 3,
0. O1F,
static_cast<float(*)(float)>(std::sin)

)

const double d_d = derivative(
pi <doubl e>() / 3,
0. 001,
static_cast <doubl e(*) (doubl e) >(std: :sin)

E

/1 In the cpp_dec_float 50 case, the sin function is nultiply overl oaded
/1 to handl e expression tenplates etc. As a result it's hard to take its
/1 address without knowi ng about its inplenentation details. W'Il use a
/1 C++11 | anbda expression to capture the call.
/1 W al so need a typecast on the first argunent so we don't accidentally pass
/1 an expression tenplate to a tenplate function:
/1
const cpp_dec_float_50 d_np = derivative(

cpp_dec_float _50(pi <cpp_dec_float_50>() / 3),

cpp_dec_float_50(1.0E-9),

[1(const cpp_dec_float 50& x) -> cpp_dec_float_ 50

{

}
E

/1 5.000029e- 001

std:: cout
<< std::setprecision(std::numeric_limts<float>::digitsl0)
<< d_f
<< std::endl;

return sin(x);

/1 4.999999999998876e- 001

std:: cout
<< std::setprecision(std::nunmeric_limts<double>::digitsl0)
<< d_d
<< std::endl;
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/1 4.99999999999999999999999999999999999999999999999999%e- 01

std:: cout
<< std::setprecision(std::nuneric_limts<cpp_dec_float_50>::digitsl0)
<< d_np
<< std::endl;

The expected value of the derivative is 0.5. This central difference rule in this example is ill-conditioned, meaning it suffers from
dlight loss of precision. With that in mind, the results agree with the expected value of 0.5.

We can take this a step further and use our derivative function to compute a partial derivative. For example if we take the incomplete
gamma function P(a, 2), and take the derivative with respect to z at (2,2) then we can calculate the result as shown below, for good
measure we'll compare with the "correct” result obtained from a call to gamma_p_derivative, the results agree to approximately 44
digits:

cpp_dec_float _50 gd = derivative(
cpp_dec_float_50(2),
cpp_dec_float_50(1.0E-9),
[1(const cpp_dec_float_50& x) ->cpp_dec_float_50
{

}
),

/1 2.70670566473225383787998989944968806815263091819151e-01

std: : cout
<< std::setprecision(std::nuneric_limts<cpp_dec_float_50>::digitsl0)
<< gd
<< std::endl;

/1 2.70670566473225383787998989944968806815253190143120e-01

std::cout << boost::math::gamma_p_derivatl

ive(cpp_dec_float _50(2), cpp_dec_float_50(2)) << std::endl;

return boost::math::gamme_p(2, x);

Calculating an Integral

Similar to the generic derivative example, we can calculate integrals in a similar manner:
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t enpl at e<t ypenane val ue_type, typenane function_type>
inline value_type integral (const value_type a
const val ue_type b,
const val ue_type tol
function_type func)

unsigned n = 1U

(b - a);
(func(a) + func(b)) * (h/ 2);

val ue_type h
val ue_type

for(unsigned k = 0U; k < 8U, k++)

{
h /= 2;

val ue_type sum 0)
for(unsigned j = 1U, | <= n; j++)

{
}

sum += func(a + (value_type((j * 2) - 1) * h))

const value_type 10 = |
I = (I / 2) + (h* sum;

10/ 1;
ratio - 1;
((delta < 0) ? -delta : delta)

const value_type ratio
const val ue_type delta
const val ue_type delta_abs

if((k > 1U) && (delta_abs < tol))
{

}

n *= 2U

br eak;

}

return |

Thefollowing sample program shows how the function can be called, we begin by defining afunction object, which when integrated
should yield the Bessel Jfunction:;

t enpl at e<t ypenane val ue_t ype>
class cyl _bessel _j_integral _rep

{
public:
cyl _bessel j_integral _rep(const unsigned N
const value_type& X) : n(N, x(X) { }
val ue_type operator()(const value_type& t) const
{
/1 pi * In(x) = Int_O0"pi [cos(x * sin(t) - n*t) dt]
return cos(x * sin(t) - (n* t))
}
private:
const unsigned n
const val ue_type x
}
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/* The function can now be called as follows: */
int main(int, char**)
{
usi ng boost::math::constants:: pi;
typedef boost::nultiprecision::cpp_dec_float_50 np_type;

const float j2_f =
i ntegral (0. OF,
pi <float>(),
0. O1F,
cyl bessel j_integral rep<float>(2U, 1.23F)) / pi<float>();

const double j2_d =
i ntegral (0.0,
pi <doubl e>(),
0. 0001,
cyl bessel _j_integral _rep<double>(2U, 1.23)) / pi<double>();

const np_type j2_np =
integral (mp_type(0),
pi <np_type>(),
np_type(1l. OE-20),
cyl bessel j_integral _rep<nmp_type>(2U, np_type(123) / 100)) / pi<nmp_type>();

/1 0.166369

std:: cout
<< std::setprecision(std::numeric_limts<float>::digitsl0)
<< j2_f
<< std::endl;

/1 0.166369383786814

std:: cout
<< std::setprecision(std::numeric_limts<double>::digitsl0)
<< j2_d
<< std::endl;

/1 0.16636938378681407351267852431513159437103348245333

std:: cout
<< std::setprecision(std::nuneric_limts<np_type>::digitsl0)
<< j2_np
<< std::endl;

/1
/1 Print true value for conparison:

/1 0.166369383786814073512678524315131594371033482453329
std::cout << boost::math::cyl_bessel j(2, nmp_type(123) / 100) << std::endl;

Polynomial Evaluation

In this example we'll look at polynomial evaluation, thisis not only an important use case, but it's one that nunber performs partic-
ularly well at because the expression templates completely eliminate all temporaries from a Horner polynomial evaluation scheme.

The following code evaluates si n( x) as apolynomial, accurate to at least 64 decimal places:
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using boost::nultiprecision::cpp_dec_float;
t ypedef boost::nultiprecision::nunber<cpp_dec_float<64> > np_type;

np_type nysin(const np_type& Xx)
{
/1 Approximation of sin(x * pi/2) for -1 <= x <= 1, using an order 63 polynoni al
static const std::array<np_type, 32U> coefs =
{{
O
np_t ype( " +1. 5707963267948966192313216916397514420985846996875529104874722961539082031431044993140174126711"), 11"),
O
np_t ype(" - 0. 64596409750624625365575656389794573337969351178927307696134454382929989411386887578263960484" ), // O
"3
O
np_t ype(" +0. 07969262624616704512050554949047802252091164235106119545663865720995702920146198554317279"), // O
NG
O
np_t ype("-0. 0046817541353186881006854639339534378594950280185010575749538605102665157913157426229824"), [/ O
nNT
O
np_t ype(" +0. 00016044118478735982187266087016347332970280754062061156858775174056686380286868007443"), // O
"9
np_type("-3.598843235212085340458540018208389404888495232432127661083907575106196374913134E-

6"), /1 "1

mp_t ype(” +5. 692172921967926811775255303592184372902829756054598109818158853197797542565E-
8"), /1 ~13

mp_t ype(" - 6. 688035109811467232478226335783138689956270985704278659373558497256423498E-
10"y, 1/ 15

nmp_t ype("+6.066935731106195667101445665327140070166203261129845646380005577490472E-

12"y, /1 ™17
np_type("-4.377065467313742277184271313776319094862897030084226361576452003432E-14"), // "19
np_type("+2.571422892860473866153865950420487369167895373255729246889168337E-16"), // ~21
nmp_type("-1.253899540535457665340073300390626396596970180355253776711660E- 18"), // ~23
nmp_type("+5. 15645517658028233395375998562329055050964428219501277474E-21"), |/ "25
nmp_type("-1.812399312848887477410034071087545686586497030654642705E-23"), [/ ~27
nmp_t ype("+5. 50728578652238583570585513920522536675023562254864E- 26"), [/ ~29
nmp_type("-1.461148710664467988723468673933026649943084902958E-28"), // 731
np_type(" +3. 41405297003316172502972039913417222912445427E-31"), [/ 733
nmp_type("-7.07885550810745570069916712806856538290251E-34"), // ~35
np_type("+1.31128947968267628970845439024155655665E- 36"), // ~37
np_type("-2.18318293181145698535113946654065918E-39"), // ~39
np_type("+3.28462680978498856345937578502923E-42"), [/ "41
np_type("-4.48753699028101089490067137298E-45"), // "43
np_type("+5.59219884208696457859353716E-48"), [/ ~45
np_type("-6.38214503973500471720565E-51"), [/ 747
np_type(" +6. 69528558381794452556E-54"), |/ 749
np_type("-6.47841373182350206E-57"), // ~51
np_type("+5.800016389666445E-60"), // ~53
np_type("-4.818507347289E-63"), // ~55
np_type("+3. 724683686E-66"), // ~57
np_type("-2.6856479E-69"), // ~59
np_type("+1. 81046E-72"), /] "61

np_type("-1.133E-75"), /] "~63

s

const np_type v = x * 2 / boost::math::constants:: pi<np_type>();

const np_type x2 = (v * v);

I

/1 Polynom al evaluation follows, if np_type allocates nenory then

/1 just one such allocation occurs - to initialize the variable "sunt -
/1 and no tenporaries are created at all

I

const nmp_type sum = ((((CCCCCCCCCCCCCCCCCCCCeeeeecd + coefs[ 31U

3

\\HM“%\H
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* x2 + coefs[30U])
* x2 + coefs[29U])
* x2 + coefs[28U])
* x2 + coefs[27U])
* x2 + coefs[26U])
* x2 + coefs[25U])
* x2 + coefs[24U])
* x2 + coefs[23U])
* x2 + coefs[22U])
* x2 + coefs[21U])
* x2 + coefs[20U])
* x2 + coefs[19U])
* x2 + coefs[18U])
* x2 + coefs[17U])
* x2 + coefs[16U])
* x2 + coefs[15U])
* x2 + coefs[14U])
* x2 + coefs[13U])
* x2 + coefs[12U])
* x2 + coefs[11U])
* x2 + coefs[10U])
* x2 + coefs[9U])
* x2 + coefs[8U])
* x2 + coefs[7U])
* x2 + coefs[6U])
* x2 + coefs[5U])
* x2 + coefs[4U])
* x2 + coefs[3U])
* x2 + coefs[2U])
* x2 + coefs[1U])
* x2 + coefs[0U])
* V;

return sum

}
Calling the function like so:

np_type pid4 = boost::math::constants::pi<np_type>() / 4;
std::cout << std::setprecision(std::numeric_limts< ::np_type>: :digitsl0) << std::scientific;
std::cout << nysin(pid4) << std::endl;

Yields the expected outpuit:

7.0710678118654752440084436210484903928483593768847403658833986900e- 01

Interval Number Types

Thereis one currently only one interval number type supported - MPFI.

mpfi_float

#i ncl ude <boost/mul tiprecision/npfi.hpp>

36

render

> httpo://www.renderx.com/


http://perso.ens-lyon.fr/nathalie.revol/software.html
http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

render

Boost.Multiprecision

nanmespace boost{ nanmespace mul ti precision{

tenpl ate <unsi gned Di gi ts10>
class npfi _fl oat_backend;

t ypedef nunber <npfi _fl oat_backend<50> > mpfi _fl oat _50;

t ypedef nunber <npfi _fl oat_backend<100> > mpfi fl oat_100;

t ypedef nunber <npfi _fl oat_backend<500> > mpfi fl oat _500;

t ypedef nunber <npfi _fl oat_backend<1000> > npfi _fl oat_1000;
t ypedef nunber <npfi _fl oat_backend<0> > mpfi _float;

}} /1 nanespaces

Thenpfi _fl oat _backend typeisused in conjunction with nunber : It acts as athin wrapper around the MPFI npfi _t to provide
an real-number type that is adrop-in replacement for the native C++ floating-point types, but with much greater precision and imple-
menting interval arithmetic.

Typenpfi _fl oat _backend can be used at fixed precision by specifying anon-zero Di gi t s10 template parameter, or at variable
precision by setting the template argument to zero. The typedefs mpfi_float_50, mpfi_float_100, mpfi_float_500, mpfi_float 1000
provide arithmetic types at 50, 100, 500 and 1000 decimal digits precision respectively. The typedef mpfi_float provides a variable
precision type whose precision can be controlled via the nunber s member functions.

Note

S Thistypeonly providesnuneri c_I i mi t s support when the precision is fixed at compile time.
As well as the usual conversions from arithmetic and string types, instances of nunber <npfi _f | oat _backend<N> > are copy
constructible and assignable from:
* The MPFI native type npfi _t.
e Thenunber wrappers around MPFI or MPFR: nunber <npfi _fl oat _backend<M> > and nunber <npfr_f| oat <M> >.
» Thereisatwo argument constructor taking two nunber <npf r _f | oat <M> > arguments specifying the interval.
It's also possible to access the underlying npf i _t viathe data() member function of npfi _f | oat _backend.
Things you should know when using this type:
» A default constructed npf i _f | oat _backend isset to aNaN (thisisthe default MPFI behavior).
* No changes are made to GMP or MPFR global settings, so this type can coexist with existing MPFR or GMP code.
e The code can equally use MPIR in place of GMP - indeed that is the preferred option on Win32.
» Thisbackend supports rvalue-references and is move-aware, making instantiations of nunber on this backend move aware.

» Conversion from astring resultsinast d: : runt i ne_er r or being thrown if the string can not be interpreted as avalid floating
point number.

 Division by zero resultsin an infinity.

There are some additional non member functions for working on intervals:

tenpl ate <unsi gned Di gitsl1l0, expression_tenpl ate_opti on ExpressionTenpl at es>
nunber <npfr_f | oat _backend<Di gi t s10>, Expressi onTenpl at es> | ower (const nunber <npfi _fl oat _backend<D O
gi ts10>, ExpressionTenpl ates>& val);

Returns the lower end of the interval.
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tenpl ate <unsi gned Di gitsl0, expression_tenplate_option ExpressionTenpl at es>
nunber <npfr _fl oat _backend<D gi t s10>, Expressi onTenpl at es> upper (const nunber <npfi _fl oat _backend<D O
gi ts10>, ExpressionTenpl ates>& val);

Returns the upper end of the interval.

tenpl ate <unsi gned Di gits10, expression_tenplate_option ExpressionTenpl at es>
nunber <npfr_f | oat _backend<Di gi t s10>, Expressi onTenpl at es> nedi an( const nunber <npfi _fl oat _backend<D O
gi ts10>, ExpressionTenpl ates>& val);

Returns the mid point of the interval.

tenpl ate <unsi gned Di gits10, expression_tenplate_option ExpressionTenpl at es>
nunber <npfr _fl oat _backend<D gi t s10>, Expressi onTenpl at es> w dt h(const nunber <npfi _fl oat _backend<D O
gi ts10>, ExpressionTenpl ates>& val);

Returns the absolute width of the interval.

tenpl ate <unsi gned Di gi ts10, expression_tenpl ate_opti on Expressi onTenpl at es>
nunber <npfi _fl oat _backend<Di gi t s10>, ExpressionTenpl ates> intersect (

const nunber<npfi _fl oat_backend<Di gi t s10>, ExpressionTenpl at es>& a,

const nunber<npfi _fl oat_backend<Di gi ts10>, ExpressionTenpl ates>& b);

Returns the interval which isthe intersection of the a and b. Returns an unspecified empty interval if there is no such intersection.

tenpl ate <unsi gned Di gits10, expression_tenplate_option ExpressionTenpl at es>
nunber <npfi _fl oat _backend<Di gi t s10>, ExpressionTenpl ates> hul | (

const nunber <npfi _fl oat _backend<Di gi t s10>, ExpressionTenpl ates>& a,

const nunber <npfi _fl oat _backend<Di gits10>, ExpressionTenpl ates>& b);

Returns the interval which isthe union of a and b.

tenpl ate <unsi gned Di gitsl0, expression_tenplate_option ExpressionTenpl at es>
bool overl ap(const nunber<npfi _fl oat_backend<Di gi t s10>, Expressi onTenpl ates>& a,
const nunber<npfi _fl oat _backend<Di gi t s10>, Expressi onTenpl ates>& b);

Returnst r ue only if theintervals a and b overlap.

tenpl at e <unsi gned Di gits10, expression_tenplate_option ExpressionTenpl atesl, expression_teni]
pl at e_opti on Expressi onTenpl at es2>
bool in(const nunber<npfr_fl oat_backend<Di gits10>, ExpressionTenpl atesl>& a,

const nunber <npfi _fl oat _backend<Di gi ts10>, ExpressionTenpl ates2>& b);

Returnst r ue only if point a is contained within the interval b.

tenpl ate <unsi gned Di gitsl10, expression_tenplate_option ExpressionTenpl at es>
bool zero_in(const nunber<npfi _fl oat_backend<Di gi ts10>, ExpressionTenpl ates>& a);

Returnst r ue only if theinterval a contains the value zero.

tenpl ate <unsi gned Di gits10, expression_tenplate_option ExpressionTenpl at es>
bool subset (const number<npfi _fl oat_backend<Di gi t s10>, Expressi onTenpl ates>& a,
const nunber <npfi _fl oat _backend<Di gi t s10>, Expressi onTenpl ates>& b);

Returnst r ue only if aisasubset of b.
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tenpl ate <unsi gned Di gitsl0, expression_tenplate_option ExpressionTenpl at es>
bool proper_subset (const nunmber<npfi _fl oat_backend<Di gi t s10>, Expressi onTenpl ates>& a,
const nunber<npfi _fl oat _backend<Di gi t s10>, Expressi onTenpl ates>& b);

Returnst r ue only if aisaproper subset of b.

tenpl ate <unsi gned Di gits10, expression_tenplate_option ExpressionTenpl at es>
bool enpty(const numnber <npfi _fl oat_backend<Di gi t s10>, ExpressionTenpl ates>& a);

Returnst r ue only if aisan empty interval, equivalent to upper (a) < | ower(a).

tenpl ate <unsi gned Di gits10, expression_tenplate_option ExpressionTenpl at es>
bool singl eton(const nunber<npfi _fl oat_backend<Di gi ts10>, Expressi onTenpl ates>& a);

Returnst rue if | ower (a) == upper(a).

MPFI example:

#i ncl ude <boost/nultiprecision/npfi.hpp>
usi ng nanespace boost::multiprecision;

/'l Operations at variable precision and no nuneric_limts support:
npfi_float a = 2;

npfi _float::default_precision(1000);

std::cout << mpfi_float::default_precision() << std::endl;
std::cout << sqgrt(a) << std::endl; // print root-2

/'l Operations at fixed precision and full nuneric_linmts support:
npfi_float_100 b = 2;

std::cout << std::numeric_limts<npfi_float_100>::digits << std::endl;
/1 We can use any C++ std lib function:

std::cout << log(b) << std::endl; // print |og(2)

/'l Access the underlying data:
mpfi_t r;

mpfi_init(r);

npfi_set (r, b.backend().data());

/'l Construct sone explicit intervals and perform set operations:
npfi_float_50 i1(1, 2), i2(1.5 2.5);

std::cout << intersect(il, i2) << std::endl;

std::cout << hull(il, i2) << std::endl;

std::cout << overlap(il, i2) << std::endl;

std::cout << subset(il, i2) << std::endl;

Rational Number Types

The following back-ends provide rational number arithmetic:
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Backend Type

cpp_rational

gnp_rati onal

tommat h_rati on-
al

rati onal _ad-
apt or

boost::ration-
al

cpp_rational

Header
boost/multipreci-

sion/cpp_int.hpp

boost/multipreci-
sion/gmp.hpp

boost/multipreci-
sion/tommath.hpp

boost/multipreci-
sion/rational _ad-

aptor.hpp

boost/rational .hpp

Radix

2

2

2

N/A

N/A

Dependencies

None

GMP

libtommath

none

None

#i ncl ude <boost/mul tiprecision/cpp_int.hpp>

namespace boost{ namespace mul ti precision{

t ypedef

rational _adapt or <cpp_i nt _backend<> >

t ypedef nunber <cpp_rati onal _backend>

}} /1 nanespaces

cpp_rational;

Pros

An all C++ Boost-
licensed implement-
ation.

Very fast and effi-
cient back-end.

All C/C++ imple-
mentation  that's
Boost SoftwareLi-
cence compatible.

All C++ adaptor
that alows any in-
teger back-end type
to beused asara
tional type.

A C++ rationa
number type that
can used with any
nunmber integer

type.

cpp_rational _backend;

Cons

Slower than GMP.

Dependency  on
GNU licensed
GMP library.

Slower than GMP.

Requires an under-
lying integer back-
end type.

The  expression
templates used by
nurmber end up be-
ing "hidden" inside
boost::ration-
al : performance
may well suffer as
aresult.

The cpp_rational _backend type is used via the typedef boost : : mul ti preci si on: : cpp_rational . It provides arational
number type that is a drop-in replacement for the native C++ number types, but with unlimited precision.

Aswell asthe usual conversionsfrom arithmetic and string types, instancesof cpp_r at i onal are copy constructible and assignable

fromtypecpp_i nt .

Thereis also atwo argument constructor that accepts a numerator and denominator: both of typecpp_i nt .

There are a'so non-member functions:

cpp_int

numer at or (const cpp_rational &) ;

cpp_i nt denomi nator(const cpp_rational & ;

which return the numerator and denominator of the number.
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Things you should know when using this type:
» Default constructed cpp_r at i onal s have the value zero.
 Division by zeroresultsinast d: : over f | ow_error being thrown.

e Conversion from astring resultsinastd: : runti me_error being thrown if the string can not be interpreted as a valid rational
number.

Example:

#i ncl ude <boost/nultiprecision/cpp_int.hpp>
usi ng nanespace boost::multiprecision;
cpp_rational v = 1;
/1 Do some arithnetic:
for(unsigned i = 1; i <= 1000; ++i)
v =g
v /= 10;
std::cout << v << std::endl; // prints 1000! / 10
std::cout << nunerator(v) << std::endl;
std::cout << denomi nator(v) << std::endl;

cpp_rational w(2, 3); // conponent w se constructor
std::cout << w << std::endl; // prints 2/3

gmp_rational

#i ncl ude <boost/multi precision/gnp. hpp>

namespace boost{ nanmespace mul ti precision{
class gnp_rational;
t ypedef nunber<gnp_rational > npg_rational ;

+} /1 nanmespaces

Thegnp_r at i onal back-endisused viathetypedef boost : : mul ti preci si on: : npg_rati onal . It actsasathinwrapper around
the GMPnpg_t to provide arational number typethat isadrop-in replacement for the native C++ number types, but with unlimited
precision.

As well as the usua conversions from arithmetic and string types, instances of nunber <gnp_r at i onal > are copy constructible
and assignable from:

» The GMP native types: npz_t , npq_t .
* nunber <gnp_i nt >.
Thereis also atwo-argument constructor that accepts a numerator and denominator (both of type nunber <gnp_i nt >).

There are a'so non-member functions:

npz_i nt nunerator(const npg_rational & ;
npz_i nt denomi nator(const npg_rational & ;

which return the numerator and denominator of the number.
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It's also possible to access the underlying npg_t viathedat a() member function of npg_r ati onal .
Things you should know when using this type:

 Default constructed npg_r at i onal s have the value zero (thisis the GMP default behavior).

e Divisionby zeroresultsinast d: : overfl ow _error being thrown.

» Conversion fromastring resultsinast d: : runti me_error being thrown if the string can not be interpreted as avalid rational
number.

* No changes are made to the GMP library's global settings, so this type can coexist with existing GMP code.
» The code can equally be used with MPIR as the underlying library - indeed that is the preferred option on Win32.

Example:

#i ncl ude <boost/nultiprecision/ gnp. hpp>
usi ng nanespace boost::multiprecision;
npg_rational v = 1;
/1 Do some arithnetic:
for(unsigned i = 1; i <= 1000; ++i)
v F=0g
v /= 10;
std::cout << v << std::endl; // prints 1000! / 10
std::cout << nunerator(v) << std::endl;
std::cout << denomi nator(v) << std::endl;

npg_rational w(2, 3); // conponent w se constructor
std::cout << w << std::endl; // prints 2/3

/'l Access the underlying data:
mpg_t q;

npg_init(q);
npqg_set (g, v.backend().data());

tommath_rational

#i ncl ude <boost/nultiprecision/tonmmath. hpp>

namespace boost{ nanmespace multi precision{

typedef rational _adpater<tommth_int> tommat h_rati onal ;
t ypedef nunber <t onmat h_rational > tomrational;

+} /1 nanmespaces

Thet ommat h_r at i onal back-end isused viathetypedef boost : : mul ti preci sion::tomrational .Itactsasathinwrapper
around boost : : rati onal <t om i nt > to provide arational number type that is a drop-in replacement for the native C++ number
types, but with unlimited precision.

The advantage of using thistyperather thanboost : : rati onal <t om i nt > directly, isthat it isexpression-template enabled, greatly
reducing the number of temporaries created in complex expressions.

There are a'so non-member functions:
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tom.int nunerator(const tomrational & ;
tom.int denom nator(const tomrational & ;

which return the numerator and denominator of the number.

Things you should know when using this type:

» Default constructed t om r at i onal s have the value zero (this the inherited Boost.Rational behavior).
» Division by zeroresultsinast d: : overfl ow _error being thrown.

» Conversion from astring resultsinast d: : runti me_error being thrown if the string can not be interpreted as avalid rational
number.

» No changes are made to libtommath's global state, so this type can safely coexist with other libtommath code.

» Performance of this type has been found to be pretty poor - this need further investigation - but it appears that Boost.Rational
needs some improvement in this area.

Example:

#i ncl ude <boost/nultiprecision/tonmmath. hpp>
usi ng nanespace boost::multiprecision;
tomrational v = 1;
/1 Do sone arithnetic:
for(unsigned i = 1; i <= 1000; ++i)
v =g
v /= 10;
std::cout << v << std::endl; // prints 1000! / 10
std::cout << nunerator(v) << std::endl;
std::cout << denom nator(v) << std::endl;

tomrational w2, 3); // Conponent w se constructor
std::cout << w << std::endl; // prints 2/3

Use With Boost.Rational

All of the integer typesin thislibrary can be used as template argumentsto boost : : r at i onal <I nt Type>.

Note that using the library in this way largely negates the effect of the expression templatesin nunber .

rational _adaptor

namespace boost{ namespace mul ti precision{

tenpl ate <cl ass | nt Backend>
cl ass rational _adpater;

H}

The class template r at i onal _adapt or is a back-end for nunber which converts any existing integer back-end into a rational-
number back-end.

So for example, given an integer back-end type Myl nt eger Backend, the use would be something like:
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t ypedef nunber <Myl nt eger Backend> Wl nt;
t ypedef nunber <rati onal _adapt or <Myl nt eger Backend> > MyRati onal ;

M/Rational r = 2;

r /= 3;
MyInt i = nunerator(r);
assert (i == 2);

Miscellaneous Number Types.

Backend types listed in this section are predominantly designed to aid debugging.

logged _adaptor

#i ncl ude <boost/mul tiprecision/logged_adaptor. hpp>

nanmespace boost{ nanmespace mul ti precision{

tenpl ate <cl ass Backend>

voi d | og_postfix_event(const Backend& result, const char* event_description);

tenpl ate <cl ass Backend, class T>

voi d | og_postfix_event (const Backend& resultl, const T& result2, const char* event_description);

tenpl ate <cl ass Backend>

voi d | og_prefix_event(const Backend& argl, const char* event_descri ption)

tenpl ate <cl ass Backend, class T>

voi d | og_prefix_event(const Backend& argl, const T& arg2, const char* event_description)

tenpl ate <cl ass Backend, class T, class U>

void | og_prefix_event(const Backend& argl, const T& arg2, const U& arg3, const char* event_del
scription);

tenpl ate <cl ass Backend, class T, class U, class V>

void | og_preQd

fix_event (const Backend& argl, const T& arg2, const U& arg3, const V& arg4, const char* event_del
scription);

tenpl at e <Backend>
cl ass | ogged_adapt or;

}} /1 nanespaces

Thel ogged_adapt or typeisused in conjunction with nunber and some other backend type: it acts asathin wrapper around some
other backend to class nunber and logs all the events that take place on that object. Before any number operation takes place, it
calsl og_prefi x_event with the arguments to the operation (up to 4), plus a string describing the operation. Then after the oper-
ation it calls| og_post fi x_event with the result of the operation, plus a string describing the operation. Optionally, | og_post -
fi x_event takesasecond result argument: this occurswhen the result of the operationisnot anunber , for examplewhenf pcl as-
sifyiscaled,| og_postfix_event will becaledwithr esul t 1 beingtheargument to thefunction, andr esul t 2 being theinteger
result of f pcl assi fy.

The default versions of | og_pr efi x_event and| og_post fi x_event do nothing, it istherefore up to the user to overload these
for the particular backend being observed.

Thistype providesnumeri c_I i mi t's support whenever the template argument Backend does so.

This type is particularly useful when combined with an interval number type - in this case we can use | og_post fi x_event to
monitor the error accumulated after each operation. We could either set some kind of trap whenever the accumulated error exceeds
some threshold, or simply print out diagnostic information. Using this technique we can quickly locate the cause of numerical in-
stability in aparticular routine. The following example demonstrates thistechniquein atrivial agorithm that deliberately introduces
cancellation error:
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#i ncl ude <boost/nultiprecision/ nmpfi.hpp>

#i ncl ude <boost/nultiprecision/logged_adaptor. hpp>

#i ncl ude <i ostreanr

#i ncl ude <i omani p>

I

/'l Begin by overloading | og_postfix_event so we can capture each arithnetic event as it happens:
I

nanmespace boost{ nanmespace mul ti precision{

tenpl ate <unsi gned D>
inline void | og _postfix_event(const npfi_float_backend<D>& val, const char* event_description)
{

/1 Print out the (relative) dianeter of the interval

usi ng nanespace boost::multiprecision;

nunber <npfr _fl oat _backend<D> > di am

mpfi _di am(di am backend().data(), val.data());

std::cout << "Dianeter was " << diam<< " after operation: " << event_description << std:: endl
}
tenpl ate <unsigned D, class T>
inline void | og_postfix_event(const npfi_float_backend<D>& const T& const char* event_descriplO
tion)

{
/1 This version is never called in this exanple.
}
1}
int main()
{
usi ng nanespace boost::multiprecision;
typedef nunber <l ogged_adapt or <npfi _fl oat _backend<17> > > | ogged_t ype
I
/'l Test case deliberately introduces cancellation error, relative size of interval
/1 gradually gets larger after each operation
I
| ogged_type a = 1;
a /= 10;
for(unsigned i = 0; i < 13; ++i)
{
| ogged_type b = a * 9
b /= 10;
a -=b;
}
std::cout << "Final value was: " << a << std::endl
return O;
}

When we examine program output we can clearly see that the diameter of the interval increases after each subtraction:
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Di anet er
Di anet er
Di anet er
D anet er
Di anet er
Di anet er
Di anet er
Di anet er
D anet er
Di anet er
Di anet er
Di anet er
Di anet er
D anet er
Di anet er
Di anet er
Di anet er
Di anet er
D anet er
Di anet er
Di anet er
Di anet er
Di anet er
Di anet er
Di anet er
Di anet er
Di anet er
Di anet er
Di anet er
Di anet er
Di anet er
Di anet er
Di anet er
Di anet er
Di anet er
Di anet er
Di anet er
D anet er
Di anet er
Di anet er
Di anet er
Di anet er
D anet er
Di anet er
Di anet er
Di anet er
Di anet er
Di anet er
D anet er
D anet er
Di anet er
Di anet er
Di anet er
D anet er
D anet er

was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was

nan after operation: Default construct

0 after operation: Assignnment fromarithnmetic type

4,33681le-18 after operation: /=

nan after operation: Default construct
7.70988e-18 after operation: *

9. 63735e-18 after operation: /=
1.30104e-16 after operation: -=

nan after operation: Default construct
1.30104e-16 after operation: *
1.38537e-16 after operation: /=
2.54788e-15 after operation: -=

nan after operation: Default construct
2.54788e-15 after operation: *
2.54863e-15 after operation: /=
4.84164e-14 after operation: -=

nan after operation: Default construct
4.84164e-14 after operation: *
4.84221e-14 after operation: /=
9.19962e-13 after operation: -=

nan after operation: Default construct
9.19962e- 13 after operation: *

9. 19966e- 13 after operation: /=
1.74793e-11 after operation: -=

nan after operation: Default construct
1.74793e-11 after operation: *
1.74793e-11 after operation: /=
3.32107e-10 after operation: -=

nan after operation: Default construct
3.32107e-10 after operation: *
3.32107e-10 after operation: /=
6.31003e-09 after operation: -=

nan after operation: Default construct
6.31003e-09 after operation: *
6.31003e-09 after operation: /=
1.19891e-07 after operation: -=

nan after operation: Default construct
1.19891e-07 after operation: *
1.19891e-07 after operation: /=
2.27792e-06 after operation: -=

nan after operation: Default construct
2.27792e-06 after operation: *
2.27792e-06 after operation: /=
4.32805e-05 after operation: -=

nan after operation: Default construct
4.32805e-05 after operation: *
4.32805e-05 after operation: /=
0.00082233 after operation: -=

nan after operation: Default construct
0.00082233 after operation: *
0.00082233 after operation: /=
0.0156243 after operation: -=

nan after operation: Default construct
0.0156243 after operation: *

0.0156243 after operation: /=
0.296861 after operation: -=

Fi nal value was: {8.51569e-15, 1. 14843e- 14}

debug_adaptor

#i ncl ude <boost/mul tiprecision/ debug_adapt or. hpp>
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nanmespace boost{ nanmespace mul ti precision{

tenpl at e <Backend>
cl ass debug_adapt or;

}} /1 nanespaces

Thedebug_adapt or typeisused in conjunction with nunber and some other backend type: it acts as athin wrapper around some
other backend to class nunber and intercepts all operations on that object storing the result as a string within itself.

Thistype providesnuneri c_I i mi t s support whenever the template argument Backend does so.

This type is particularly useful when your debugger provides a good view of st d: : st ri ng: when thisis the case multiprecision
values can easily be inspected in the debugger by looking at the debug_val ue member of debug_adapt or . The down side of this
approach is that runtimes are much slower when using this type. Set against that it can make debugging very much easier, certainly
much easier than sprinkling code with pri nt f statements.

When used in conjunction with the Visual C++ debugger visualisers, the value of a multiprecision type that uses this backend is
displayed in the debugger just a builtin value would be, here were inspecting a value of type nunber <debug_ad-
apt or <cpp_dec_f| oat <50> > >:

"3.14159265358979323846.26435832795028841971693995 /5105820974944 582307816406

B Output BE® Autos Bl Locals E Threads B Modules @Watchl M Call Stack ﬁ' Brea

Otherwise you will need to expand out the view and look at the "debug_value" member:
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| Mame Yalue

= @ f "3.141592653589793 238462045383 2795028841971693995751058 2097
= &% m_backend {debug_value="3.14159265358979325846206433832795025541971693

4 debug_value "3.14159265358979323846264338327950288419716939937510582097
-L? m_value {data={...} exp=0 neg=false ...}

B Output BEf Autos 5 Locals B Threads B Modules EWatchl M Call Stack ¥ Break)

It works for al the backend types equally too, here it isinspecting anunber <debug_adapt or <gnp_r ati onal > >:

Uy Yo il

"30547876543/2335667765"

B Output Bf Autos 5 Locals B Threads B Modules =l Watch 1 M Call Stack B Brea

Visual C++ Debugger Visualizers

Let'sface it debugger multiprecision numbersis hard - simply because we can't easily inspect the value of the numbers. Visual C++
provides a partial solution in the shape of "visualizers' which provide improved views of complex data structures, these visualizers
need to be added to the[ Vi sual i zer] section of aut oexp. dat located inthe Cormon7/ Packages/ Debugger directory of your
Visual Studio installation. The actual visualizer code is in the sandbox here - just cut and paste the code into your aut oexp. dat
file.

@ Note
These visualizers have only been tested with VC10, also given the ability of buggy visualizers to crash your Visual
C++ debugger, make sure you back up aut oexp. dat file before using these!!

Thefirst visualizer providesimproved views of debug_adapt or ;
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"3.14159265358979325846204338327950 28841971693995751058 20974944 59220781 6406"

B Output BE® Autos B Locals E Threads BB Modules r@‘hl"."atn::hl M Call Stack h’ Brea

The next visualizer provides improved views of cpp_int: small numbers are displayed as actual values, while larger numbers are
displayed as an array of hexadecimal parts, with the most significant part first.

Here'swhat it looks like for small values:

Watch 1

Type
Wi -3 boost:multiprecision:number

B Output Bl Autos BA Locals E Threads E® Modules @Watchl M Call Stack h’ Brea

And for larger values:
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Watch 1
J Mame Walue
¥ a signbit = true data = 0:00000010,0:00000000,0:00000000 0:0000000

B Output Bf Autos 5 Locals B Threads B Modules EWatchl M Call Stack ¥ Erea

Thereisaso a~r aw child member that lets you see the actual members of the class:

R e

Watch 1
| Mame Value
=l @ a signbit = true data = 000000010, 0:00000000 000000000, 0:0000000
4 sign bit true
E @ ~raw Im_backend={...}}
=l &4 m_backend [}

= # boost:multiprecis {m_wrapper={...} m_limbs=4 m_sign=true }
_? F_wWrapper {m_data=0:001dfc80 m_first_limb=0 m_double_first_limb=0 }

& m_limbs 4

& m_sign true
w [0] 000000010
w [1] 000000000
v [2] 000000000
v 2] 000000000

B Output Bf Autos 5 Locals B Threads B Modules rE‘hl".fatn::hl B Call Stack ¥ Break

Thevisualizer for cpp_dec_f | oat showsthefirst few digits of the value in the preview field, and the full array of digits when you
expand the view. As before the ~r aw child gives you access to the actual data members:
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-3.1415926535897932...
4 exponent 0
& sign bit true
W ~raw Im_backend={...}}
v [0] 3
w [1] 14159265
v [2] 35897932
v [B] 38462643
v [4] 38327950
w [5] 28841971
w [6] 69399375
- v [7] 10582097
¥ [B] 49445923

B Output Bf Autos B Locals B Threads B Modules il Watch 1 RSl R0 ] b

Constructing and Interconverting Between Number Types

All of the number types that are based on nunber have certain conversion rules in common. In particular:

» Any number type can be constructed (or assigned) from any builtin arithmetic type, aslong asthe conversionisn't lossy (for example
float to int conversion):

cpp_dec_float _50 df (0.5); /1 OK construction from double
cpp_int i (450); /1 OK constructs from signed int
cpp_int j =3.14; /] Error, lossy conversion.

» A number can be explicitly constructed from an arithmetic type, even when the conversion is lossy:

cpp_int i (3.14); /1 OK explicit conversion

i = static_cast<cpp_int>(3.14) // OK explicit conversion

i.assign(3.14); /'l OK explicit assign and avoid a tenporary fromthe cast above
i = 3.14; /1 Error, no inplicit assignnent operator for |ossy conversion.
cpp_int j = 3.14; /'l Error, no inplicit constructor for |ossy conversion.

* A nunber can be converted to any built in type, viathe convert _t o member function:

mpz_int z(2);
int i = z.tenplate convert_to<int>(); // sets i to 2

Additional conversions may be supported by particular backends.
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« A nunber canbeconverted to any builtintype, viaan explicit conversion operator: thisfunctionality isonly available on compilers
supporting C++11's explicit conversion syntax.

mpz_int z(2);
int i = z; /1 Error, inplicit conversion not allowed.
int j = static_cast<int>(z); /1 OK explicit conversion.

» Any number type can be explicitly constructed (or assigned) fromaconst char* orastd: :string:

/1 pi to 50 places froma string:

cpp_dec_float_50 df ("3.14159265358979323846264338327950288419716939937510") ;

/1 Integer type will automatically detect "Ox" and "0" prefixes and parse the string accordingly:
cpp_int i (" OxFFFFFFFFFFFFFFFFFFFFFFFFFFFFFOO0000000000000") ;

/1 Invalid input always results in a std::runtine_error being thrown:

i = static_cast<cpp_int>("3.14");

/1 inplicit conversions fromstrings are not allowed:

i = "23"; /] Error, no assignment operator for inplicit conversion fromstring

/1 assign menber function, avoids having to create a tenporary via a static_cast:
i.assign("23"); [/ K

» Any number type will interoperate with the builtin types in arithmetic expressions as long as the conversions are not lossy:

/1 pi to 50 places froma string:

cpp_dec_float_50 df = "3.14159265358979323846264338327950288419716939937510";
/1 Multiply by 2 - using an integer literal here is usually nore efficient

/1 than constructing a tenporary:

df *= 2;

/1 You can't mix integer types with floats though:
cpp_int i = 2;
i *= 3.14; /] Error, no *= operator wll be found.

» Any number type can be streamed to and from the C++ iostreams:

cpp_dec_float_50 df = "3.14159265358979323846264338327950288419716939937510";

/1 Now print at full precision:

std::cout << std::setprecision(std::numeric_limts<cpp_dec_float_50>:: nmax_di gi ts10)
<< df << std::endl

cpp_int i = 1;

i <<= 256;

/1 Now print in hex format with prefix:

std::cout << std::hex << std::showbase << i << std::endl;

* Interconversions between number types of the same family are allowed and are implicit conversionsif no loss of precision isin-
volved, and explicit if it is:
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int128_t i 128 = 0;

i nt 266_t i256 =i128; // OKinplicit w dening conversion

i128_t =i256; // Error, no assignnent operator found, narrow ng conversion is exO
plicit

i128_t = static_cast<int128 t>(i256); // OK, explicit narrow ng conversion

npz_i nt z =0

mpf _fl oat f = z; /1 OK, QWP handles this conversion natively, and it's not |ossy and O

therefore inplicit

mpf _float_50 f50 = 2;

f = f50; // OK, conversion fromfixed to variable precision, f will have 50 O
digits precision.
f50 =f; /'l Error, conversion fromvariable to fixed precision is potentially 0O

| ossy, explicit cast required.

» Some interconversions between number types are completely generic, and are always available, albeit the conversions are aways
explicit:

cpp_int cppi(2);

/1l W can al ways convert between nunbers of the sanme category -

/1 int toint, rational to rational, or float to float, so this is K
/1 as long as we use an explicit conversion:

nmpz_int z(cppi);

/1 W can always pronote fromint to rational, int to float, or rational to float:
cpp_rational cppr(cppi); /I OK, int to rational

cpp_dec_float _50 df (cppi); /1 OK, int to float

df = static_cast<cpp_dec_float_50>(cppr); // OK explicit rational to float O

conver si on
/1 However narrowi ng and/or inplicit conversions always fail:
cppi = df ; /1 Conpiler error, conversion not allowed

 Other interconversions may be allowed as special cases, whenever the backend allowsit:

mpf _t m /1 Native GW type.
mpf _init_set_ui(m 0); // set to a val ue;
mpf _float i(m; /'l copies the value of the native type.

More information on what additional types a backend supports conversions from are given in the tutorial for each backend. The
converting constructor will beimplicit if the backend's converting constructor isalso implicit, and explicit if the backends converting
constructor is also explicit.

Generating Random Numbers

Random numbers are generated in conjunction with Boost.Random. However, since Boost.Random is unaware of arbitrary precision
numbers, it's necessary to include the header:

#i ncl ude <boost/multiprecision/random hpp>

In order to act as a bridge between the two libraries.

Integers with N random bits are generated using i ndependent _bi ts_engi ne:
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#i ncl ude <boost/nultiprecision/ gnp. hpp>
#i ncl ude <boost/multiprecision/random hpp>

usi ng nanespace boost::multiprecision;
usi ng nanespace boost::random

/1

/'l Decl are our random nunber generator type, the underlying generator
/'l is the Mersenne tw ster nt19937 engine, and 256 bits are generated:
/1

t ypedef independent _bits_engi ne<nt 19937, 256, npz_int> generator_type;
generator _type gen;

/1

/1l Generate sone val ues:

/1

std::cout << std::hex << std::showbase;
for(unsigned i = 0; i < 10; ++i)

std::cout << gen() << std::endl;

Alternatively we can generate integersinagivenrangeusinguni f or m i nt _di stri buti on, thiswill invoke the underlying engine
multiple times to build up the required number of bitsin the result:

#i ncl ude <boost/mul tiprecision/ gnp. hpp>
#i ncl ude <boost/multiprecision/random hpp>

usi ng namespace boost: :multiprecision;
usi ng namespace boost::random

I

/'l Cenerate integers in a given range using uniform.int,
/1 the underlying generator is invoked multiple tines
/1l to generate enough bits:

/1l

nt 19937 nt;

uni form.int_distribution<mpz_int> ui (0, nmpz_int(1l) << 256);
/1l

/'l Generate the nunbers:

/1l

std::cout << std::hex << std::showbase;

for(unsigned i = 0; i < 10; ++i)

std::cout << ui(m) << std::endl;

Floating point valuesin [0,1) are generated using uni f or m 01, thetrick here isto ensure that the underlying generator produces as
many random bits asthere are digitsin the floating point type. Asabovei ndependent _bi t s_engi ne can be used for this purpose,
note that we also have to convert decimal digits (in the floating point type) to bits (in the random number generator):
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#i ncl ude <boost/nultiprecision/ gnp. hpp>
#i ncl ude <boost/multiprecision/random hpp>

usi ng nanespace boost::multiprecision;

usi ng nanespace boost::random

I

/1 W need an underlying generator with at |east as nmany bits as the
/'l floating point type to generate nunbers in [0, 1) with all the bits
/'l in the floating point type randomy filled:

I

uni form Ol<npf _fl oat 50> uf;

i ndependent _bi ts_engi ne<nt 19937, 50L*1000L/301L, npz_int> gen;

I

/'l Generate the val ues:

I

std::cout << std::setprecision(50);
for(unsigned i = 0; i < 20; ++i)

std::cout << uf(gen) << std::endl;
Finally, we can modify the above example to produce numbers distributed according to some distribution:

#i ncl ude <boost/mul tiprecision/ gnp. hpp>
#i ncl ude <boost/multiprecision/random hpp>

usi ng namespace boost: :multiprecision;

usi ng namespace boost::random

I

/1 W can repeat the above exanple, with other distributions:
I

uni form real _distribution<npf_float_50> ur(-20, 20);

gamma_di stri buti on<npf_float_ 50> gd(20);

i ndependent _bi ts_engi ne<nt 19937, 50L*1000L/301L, npz_int> gen;

/1

/'l Cenerate sone val ues:

/1

std::cout << std::setprecision(50);

for(unsigned i = 0; i < 20; ++i)
std::cout << ur(gen) << std::endl;

for(unsigned i = 0; i < 20; ++i)

std::cout << gd(gen) << std::endl;

Primality Testing
The library implements a Miller-Rabin test for primality:

#i ncl ude <boost/nmultiprecision/mller_rabin. hpp>

tenpl ate <cl ass Backend, expression_tenpl ate_option ExpressionTenpl ates, class Engi ne>
bool miller_rabin_test(const nunber<Backend, ExpressionTenplates>& n, unsigned trials, EnO
gi ne& gen);

tenpl ate <cl ass Backend, expression_tenpl ate_option ExpressionTenpl ates, class Engi ne>
bool miller_rabin_test(const nunber<Backend, ExpressionTenplates>& n, unsigned trials);

These functions perform a Miller-Rabin test for primality, if theresult isf al se then n is definitely composite, while if the result is
true then nis probably prime. The probability to declare acomposite n as probable primeis at most 0.25""4S, Note that this does not
allow a statement about the probability of nbeing actually prime (for that, the prior probability would have to be known). The algorithm
used performs sometrial divisions to exclude small prime factors, does one Fermat test to exclude many more composites, and then
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uses the Miller-Rabin algorithm straight out of Knuth Vol 2, which recommends 25 trials for a pretty strong likelihood that n is
prime.

The third optional argument is for a Uniform Random Number Generator from Boost.Random. When not provided the nt 19937
generator is used. Note that when producing random primes then you should probably use a different random number generator to
produce candidate prime numbers for testing, than is used internally by mi | | er _rabi n_t est for determining whether the value
isprime. It also helps of course to seed the generators with some source of randomness.

The following example searches for a prime p for which ( p- 1) / 2 is also probably prime:

#i ncl ude <boost/multiprecision/cpp_int.hpp>

#i ncl ude <boost/multiprecision/mller_rabin. hpp>
#i ncl ude <i ostreanr

#i ncl ude <i omani p>

int main()
{
usi ng nanmespace boost::random
usi ng nanmespace boost::multiprecision;

typedef cpp_int int_type;

nt 11213b base_gen(cl ock());

i ndependent _bi ts_engi ne<nt 11213b, 256, int_type> gen(base_gen);

11

/1 W nust use a different generator for the tests and nunber generation, otherw se
/1 we get false positives.

11

nt 19937 gen2(cl ock());

for(unsigned i = 0; i < 100000; ++i)
{
int_type n = gen();
if(mller_rabin_test(n, 25, gen2))
{
/1 Value n is probably prime, see if (n-1)/2 is also prinmne:
std::cout << "We have a probable prinme with value: " << std::hex << std::showd
base << n << std::endl;
if(mller_rabin_test((n-1)/2, 25, gen2))

{
std::cout << "We have a safe prine with value: " << std::hex << std::showd
base << n << std::endl;
return O;
}
}
}
std::cout << "Ooops, no safe prines were found" << std::endl;
return 1,

Literal Types and constexpr SUppoOrt

@ Note
The features described in this section make heavy use of C++11 language features, currently (as of May 2013) only
GCC-4.7 and later, and Clang 3.3 and later have the support required to make these features work.

Thereislimited support for const expr and user-defined literalsin the library, currently the nunber front end supportsconst expr
on default construction and all forwarding constructors, but not on any of the non-member operators. So if some type Bis aliteral
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type, then nunber <B> is also a literal type, and you will be able to compile-time-construct such a type from any literal that B is
compile-time-constructible from. However, you will not be able to perform compile-time arithmetic on such types.

Currently the only backend type provided by thelibrary that is also aliteral type are instantiations of cpp_i nt _backend where the
Allocator parameter istype voi d, and the Checked parameter isboost : : nul ti preci si on: : unchecked.

For example:

usi ng nanespace boost::multiprecision;

constexpr int128_t i = 0; /1l OK, fixed precision int128_t has no allocator.
const expr ui nt1024_t j = OxFFFFFFFFO0000000uLL; // OK, fixed precision uint1024_t has O
no all ocator.

const expr checked_uint 128 _t k =-1; /] Error, checked type is not a literal type as we need O
runtime error checking.

const expr cpp_int | =2; /] Error, type is not aliteral as it perfornms nenory man(
agenent .

Thereisaso limited support for user defined-literals - these are limited to unchecked, fixed precision cpp_i nt ‘'swhich are specified
in hexadecimal notation. The suffixes supported are:

Suffix Meaning

_cppi Specifies a value of type: num-
ber <cpp_i nt _backend<N, N, si gned_magni t ude, un-
checked, voi d> >, where N is chosen to contain just enough
digits to hold the number specified.

_Cppui Specifiesavaueof type: nunber <cpp_i nt _backend<N, N, un-
si gned_nagni t ude, unchecked, voi d> >, whereN ischosen
to contain just enough digits to hold the number specified.

_cppiN Specifies a value of type num-
ber <cpp_i nt _backend<N, N, si gned_magni t ude, un-
checked, voi d> >.

_CppuiN Specifies a value of type num-

ber <cpp_i nt _backend<N, N, si gned_magni t ude, un-
checked, voi d> >,

In each case, use of these suffixes with hexadecimal values produces aconst expr result.

Examples:
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I
/1 Any use of user defined literals requires that we inport the literal-operators
/1 into current scope first:

usi ng nanmespace boost::nultiprecision::literals

I

/'l To keep things sinple in the exanple, we'll nmake our types used visible to this scope as well:
usi ng nanmespace boost::nultiprecision

I

/1 The value zero as a nunber<cpp_i nt_backend<4, 4, si gned_nmagni t ude, unchecked, voi d> >:

constexpr auto a = 0Ox0_cppi;

/'l The type of each constant has 4 bits per hexadecinal digit,

/1l so this is of type uint256_t (ie nunber<cpp_int_backend<256, 256, unsi gned_nagni t ude, unld
checked, voi d> >):

constexpr auto b = OxFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFF _cppui

/1l

/1 Smal |l er values can be assigned to | arger val ues

int256_t ¢ = 0x1234_cppi; // XK

/1

/1l However, this does not currently work in constexpr contexts

constexpr int256_t d = Ox1_cppi; // Conpiler error

/1l

/1l Constants can be padded out with | eading zeros to generate w der types:

constexpr uint256_t e = 0x0000000000000000000000000000000000000000000FFFFFFFFFFFFFFFFFFFFF_cpO
pui; // XK

/1

/'l However, specific width types are best produced with specific-w dth suffixes,

/1 ones supported by default are " _cpp[u]il28", " _cpp[u]i256°, "~ _cpp[u]ib5l2, ~ _cpp[u]il024".
/1

constexpr int128 t f = 0x1234_cppi 128; // OK, always produces an int128 t as the result.

const ex[

pr uint1024_t g = Oxaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaabbbbbbbbbbbbbbbbbbbbbbbbbbcccccceccceeccececceccece_cpld
pui 1024;

/1

/1 |f other specific width types are required, then there is a nacro for generating the operators
/1 for these. The macro can be used at nanespace scope only:

/1l

BOOST_MP_DEFI NE_SI ZED_CPP_| NT_LI TERAL(2048) ;

/1

/'l Now we can create 2048-bit literals as well:

constexpr auto h = Oxff_cppi2048; // h is of type nunber<cpp_i nt_backend<2048, 2048, si gned_nagl
ni t ude, unchecked, voi d> >

I

/1 Finally negative values are handl ed via the unary m nus operator:

I

constexpr intl1024_t i = - OXFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFF _cpO
pui 1024;

I

/1 Which neans this al so works

constexpr intl024_t j = -g; /1 OK: unary mnus operator is constexpr

Rounding Rules for Conversions

As ageneral rule, al conversions between unrelated types are performed using basic arithmetic operations, therefore conversions
are either exact, or follow the same rounding rules as arithmetic for the type in question.

The following table summarises the situation for conversions from native types:
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Backend Rounding Rules

cpp_int Conversions from integer types are exact if the target has suffi-
cient precision, otherwise they truncate to the first 2*"MaxBits
bits (modul o arithmetic). Conversions from floating point types
are truncating to the nearest integer.

gmp_int Conversions are performed by the GMP library except for con-
version from| ong doubl e which istruncating.

tom_int Conversions from floating point types are truncating, all others
are performed by libtommath and are exact.

gmp_float Conversions are performed by the GMP library except for con-
version from | ong doubl e which should be exact provided
the target type has as much precision asal ong doubl e.

mpfr_float All conversions are performed by the underlying MPFR library.

cpp_dec_float All conversions are performed using basic arithmetic operations
and are truncating.

gmp_rational Seegmp_int

cpp_rational See cpp_int

tommath_rational Seetom_int

Mixed Precision Arithmetic

Mixed precision arithmetic is fully supported by the library.

There are two different forms:

» Where the operands are of different precision.

» Where the operands are of the same precision, but yield a higher precision result.

Mixing Operands of Differing Precision

If the arguments to a binary operator are of different precision, then the operation is allowed as long as there is an unambiguous
implicit conversion from one argument type to the other. In all cases the arithmetic is performed "as if" the lower precision typeis
promoted to the higher precision type before applying the operator. However, particular backends may optimisethisand avoid actually
creating atemporary if they are able to do so.

For example:

mpfr_fl oat_50 a(2), b;

mpfr_float_100 c(3), d;

static_npfr_float_50 e(5), f;

npz_i nt i (20);

d=a*¢c [/ O result of operand is an npfr_float_100.

b=a®*wc, [/ Error, can't convert the result to an npfr_float_50 as it will lose digits.
f =a* e [/l Error, operator is anbiguous, result could be of either type.

f =e * i; [l OK unanbiguous conversion fromnpz_int to static_npfr_float_50
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Operands of the Same Precision

Sometimes you want to apply an operator to two arguments of the same precisionin such away asto obtain aresult of higher precision.
The most common situation occurs with fixed precision integers, where you want to multiply two N-bit numbers to obtain a 2N-bit
result. Thisis supported in thislibrary by the following free functions:

tenpl ate <cl ass Resul t Type, class Sourcel cl ass Source2>
Resul t Type& add(Resul t Type& result, const Sourcel& a, const Source2& h);

tenpl ate <cl ass Resul t Type, class Sourcel cl ass Source2>
Resul t Type& subtract (Resul t Type& result, const Sourcel& a, const Source2& b);

tenpl ate <cl ass Resul t Type, class Sourcel cl ass Source2>
Resul t Type& nul tipl y(Result Type& result, const Sourcel& a, const Source2& b);

These functions apply the named operator to the arguments a and b and store the result in result, returning result. In all cases they
behave"asif" argumentsa and b werefirst promoted to type Resul t Type before applying the operator, though particular backends
may well avoid that step by way of an optimization.

Thetype Resul t Type must be an instance of class nunber , and the types Sour cel and Sour ce2 may be either instances of class
nunber or nativeinteger types. Thelatter isan optimization that allows arithmetic to be performed on native integer types producing
an extended precision result.

For example:

#i ncl ude <boost/nul tiprecision/cpp_int. hpp>
usi ng nanespace boost::multiprecision;

boost::uint64_t i

(std::nunmeric_limts<boost::uint64_t>::max)();
boost::uint64_t |j ;

1

uint128_t wui 128;

ui nt 256_t ui 256;

I

/1 Start by performing arithnetic on 64-bit integers to yield 128-bit results:
I

std::cout << std::hex << std::showbase << i << std::endl;

std::cout << std::hex << std::showbase << add(ui 128, i, j) << std::endl;
std::cout << std::hex << std::showbase << multiply(uil28, i, i) << std::endl;
/1

/1 The try squaring a 128-bit integer to yield a 256-bit result:

/1

ui 128 = (std::numeric_limts<uintl128_t>::max)();
std::cout << std::hex << std::showbase << multiply(ui256, uil28, uil28) << std::endl;

Produces the output:

OXFIfffffffffffffef

0x10000000000000000

Ox FFFFFFFFFFFFFFFEOOO0000000000001

0x FFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFEOO000000000000000000000000000001

Backends With Optimized Mixed Precision Arithmetic

The following backends have at |east some direct support for mixed precision arithmetic, and therefore avoid creating unnecessary
temporaries when using the interfaces above. Therefore when using these types it's more efficient to use mixed precision arithmetic,
than it isto explicitly cast the operands to the result type:
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mpfr_float, gmp_float, cpp_int.

Generic Integer Operations
All of the non-member integer operations are overloaded for the built in integer typesin<boost / mul t i preci si on/ i nt eger. hpp>.

Where these operations require atemporary increase in precision (such as for powm), then if no built in typeis available, a cpp_int
of appropriate precision will be used.

Some of these functions are trivial, others use compiler intrinsics (where available) to ensure optimal evaluation.

The overloaded functions are:

tenpl ate <cl ass Integer, class |2>
Integer& multiply(lnteger& result, const 12& a, const |2& b);

Multipliestwo | 2 values, to produce awider | nt eger result.

Returnsresult = a * b without overflow or loss of precision in the multiplication.

tenpl ate <cl ass Integer, class |2>
I nteger & add(Integer& result, const 12& a, const |2& b);

Addstwo | 2 values, to produce awider | nt eger result.

Returnsresult = a + b without overflow or loss of precision in the addition.

tenpl ate <cl ass Integer, class |2>
I nt eger & subtract(Integer& result, const 12& a, const |2& b);

Subtractstwo | 2 values, to produce awider | nt eger result.

Returnsresult = a - b without overflow or loss of precision in the subtraction.

tenpl ate <cl ass I nteger>
I nt eger pownmconst Integer& b, const Integer& p, const Integer& m;

Returns b° % m.

tenpl ate <cl ass | nteger>
voi d divide_gr(const Integer& x, const Integer&y, Integer& q, Integer&r);

Setsq = x / yandr = x %y.

tenpl ate <cl ass Integerl, class |nteger2>
I nt eger2 integer_nodul us(const Integerl& x, Integer2 val);

Returnsx % val;

tenpl ate <cl ass I nteger>
unsi gned | sb(const | nteger& x);

Returns the (zero-based) index of the least significant bit of x.

Throwsastd: : domai n_error ifx <= 0.
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tenpl ate <cl ass I nteger>
unsi gned nmsb(const | nteger& x);

Returns the (zero-based) index of the most significant bit of x.

Throwsastd: : domai n_error ifx <= 0.

tenpl ate <cl ass I nteger>
bool bit_test(const Integer& val, unsigned index);

Returnst r ue if biti ndex issetinval .

tenpl ate <cl ass I nteger>
Integer& bit_set(Integer& val, unsigned index);

Setsthei ndex bitinval .

tenpl ate <cl ass I nteger>
I nteger & bit_unset(lnteger& val, unsigned index);

Unsetsthei ndex bitinval .

tenpl ate <cl ass I nteger>
Integer& bit_flip(lnteger& val, unsigned index);

Flipsthei ndex bitinval .

tenpl ate <cl ass I nteger>

I nt eger sqgrt(const Integeré& x);

tenpl ate <cl ass I nteger>

I nteger sqrt(const Integer& x, Integer& r);

Returns the integer square root s of x and setsr to the remainder x - s

tenpl ate <cl ass Engi ne>
bool miller_rabin_test(const nunber-or-expression-tenplate-type& n, unsigned trials, Engi ne& gen);
bool mller_rabin_test(const nunber-or-expression-tenplate-type& n, unsigned trials);

Theregular Miller-Rabin functionsin <boost / mul ti preci si on/ mi | | er _r abi n. hpp> aredefined in terms of the above generic
operations, and so function equally well for built in and multiprecision types.

Boost.Serialization Support

Support for serialization comesin two forms:

* Classes number, debug_adaptor, logged adaptor and rational_adaptor have "pass through" serialization support which requires
the underlying backend to be seriaizable.

» Backends cpp_int, cpp_bin_float, cpp_dec float and float128 have full support for Boost.Serialization.

Numeric Limits

Boost.Multiprecision tries hard to implement st d: : nuneri c_I i m ts for all types asfar as possible and meaningful because ex-
perience with Boost.Math has shown that this aids portability.
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The C++ standard library definesst d: : numeric_|imits insection18.3.2.

Thisinturnrefersto the C standard SC22/WG11 N507 DRAFT INTERNATIONAL ISO/IEC STANDARD WD 10967-1 Information
technology Language independent arithmetic Part 1: Integer and Floating point arithmetic.

That C Standard in turn refersto

IEEE754 |EEE Standard for Binary Floating-Point Arithmetic

Thereisauseful summary at C++ reference.

The chosen backend often determines how completely st d: : nuneric_l i nits isavailable.

Compiler options, processor type, and definition of macros or assembler instructions to control denormal numbers will ater the
values in the tables given below.

O Warning
GMP'snpf _t doesnot have aconcept of overflow: operationsthat |ead to overflow eventually run of out of resources
and terminate with stack overflow (often after several seconds).

std::numeric_limits<> constants
is_specialized

true for al arithmetic types (integer, floating and fixed-point) for which std: : numeric_limts<T> :numeric_limts is

specialized.
A typical testis
if (std::numeric_limts<T>: :is_specialized == fal se)
{
std::cout << "type " << typeid(T).name() << " is not specialized for std::nunmeric_|ini]
its!" << std::endl;
/1
}

Typicalynuneric_l i mts<T>::is_specializedistrueforal T wherethe compile-time constant membersof nuneric_linmits
are indeed known at compile time, and don't vary at runtime. For example floating point types with runtime-variable precision such
asmpfr_float havenonumeric_lints speciaization asit would be impossible to define all the members at compiletime. In
contrast the precision of atype such asnpf r _f | oat _50 isknown at compiletime, and soit doeshaveanumneri c_I i mits specia-
ization.

Note that not all the st d: : nuneri c_I i m ts member constants and functions are meaningful for all user-defined types (UDT),
such as the decimal and binary multiprecision types provided here. More information on thisis given in the sections bel ow.

infinity

For floating-point types, « is defined wherever possible, but clearly infinity is meaningless for __ arbitrary precision arithmetic
backends, and there is one floating point type (GMP's npf _t , see gmp_float) which has no notion of infinity or NaN at all.

A typical test whether infinity isimplemented is

if(std::nuneric_limts<T>: :has_infinity)

{
}

std::cout << std::nunmeric_limts<T> :infinity() << std::endl;
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and using tests like thisis strongly recommended to improve portability.

If the backend is switched to atype that does not support infinity then, without checks like this, there will be trouble.
is_signed

std::numeric_limts<T>::is_signed == true if thetypeTissigned.

For built-in binary types, the sign is held in asingle bit, but for other types (cpp_dec float and cpp_bin_float) it may be a separate
storage element, usually bool .

is_exact

std::numeric_limts<T>::is_exact == true if typeT usesexact representations.
Thisisdefined ast r ue for all integer types and f al se for floating-point types.

A usable definition has been discussed.

ISO/IEC 10967-1, Language independent arithmetic, noted by the C++ Standard defines

A floating point type F shall be a finite subset of [real].

Theimportant practical distinction isthat all integers (up to max() ) can be stored exactly.
Rational types using two integer types are also exact.

Floating-point types cannot store all real values (those in the set of (1) exactly. For example, 0.5 can be stored exactly in abinary
floating-point, but 0.1 cannot. What is stored is the nearest representable real value, that is, rounded to nearest.

Fixed-point types (usually decimal) are also defined as exact, in that they only store afixed precision, so half cents or pennies (or
less) cannot be stored. The results of computations are rounded up or down, just like the result of integer division stored as an integer
result.

There are number of proposals to add Decimal Floating Point Support to C++.

Decimal TR.

And also C++ Binary Fixed-Point Arithmetic.

is_bounded

std::numeric_limts<T>::is_bounded == true if the set of values represented by the type T isfinite.
Thisist r ue for al built-in integer, fixed and floating-point types, and most multi-precision types.

Itisonly f al se for afew __arbitrary_precision typeslikecpp_i nt .

Rational and fixed-exponent representations are exact but not integer.

is_modulo

std::numeric_linmts<T> :is_nodul oisdefined astrue if adding two positive values of type T can yield aresult less than
either value.

i s_nmodul o == true means that the type does not overflow, but, for example, 'wraps around' to zero, when adding one to the
max() value.

For most built-in integer types, st d: : nunmeric_limts<>: :is_nmodul oistrue.

bool isthe only exception.
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The modulo behaviour is sometimes useful, but also can be unexpected, and sometimes undesired, behaviour.
Overflow of signed integers can be especially unexpected, possibly causing change of sign.

Boost.Multiprecision integer type cpp_i nt isnot modulo because as an __arbitrary_precision types, it expands to hold any value
that the machine resources permit.

However fixed precision cpp_int's may be modulo if they are unchecked (i.e. they behave just like built in integers), but not if they
are checked (overflow causes an exception to be raised).

Built-in and multi-precision floating-point types are normally not modulo.

Wherepossible, overflow istost d: : nunmeric_limts<> :infinity(),providedstd::numeric_linmits<> :has_infinity
== true.

radix

Constant st d: : numeri c_l i mi t s<T>:: radi x returnseither 2 (for built-in and binary types) or 10 (for decimal types).
digits

The number of r adi x digitsthat be represented without change:

« for integer types, the number of non-sign bitsin the significand.

« for floating types, the number of radix digitsin the significand.

The values include any implicit bit, so for example, for the ubiquious doubl e using 64 bits (IEEE binary64 ), di gi t s == 53, even
though there are only 52 actual bits of the significand stored in the representation. The value of di gi t s reflects the fact that there
isoneimplicit bit which is aways set to 1.

The Boost.Multiprecision binary types do not use an implicit bit, so thedi gi t s member reflects exactly how many bits of precision
were reguested:

t ypedef nunber <cpp_bin_float<53, digit_base 2> > fl oat 64;
t ypedef nunber <cpp_bin_float<113, digit_base 2> > float128;
std::nuneric_limts<float64>::digits == 53.

std: :nunmeric_limts<floatl1l28>::digits == 113.

For the most common caseof r adi x == 2,std:: numeric_limts<T>::digits isthenumber of bitsin the representation, not
counting any sign bit.

For adecimal integer type, whenr adi x == 10, it isthe number of decimal digits.
digits10

Constant st d: : nuneric_limts<T>::digitsl10 returnsthe number of decimal digits that can be represented without change
or loss.

For example, numeri c_l i mi t s<unsi gned char>::digitsl0is2.

This somewhat inscrutable definition means that an unsi gned char can hold decimal values 0. . 99 without loss of precision or
accuracy, usually from truncation.

Had the definition been 3 then that would imply it could hold 0..999, but as we all know, an 8-bit unsi gned char can only hold
0..255, and an attempt to store 256 or more will involve loss or change.

For bounded integers, it isthus one lessthan number of decimal digitsyou needto display the biggest integer st d: : nuneric_| i m
i ts<T>::max() . Thisvalue can be used to predict the layout width required for
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std:: cout
<< std::setw(std::nuneric_limts<short>::digitsl0 +1 +1) // digitsl0+1, and +1 for sign.
<< std::showpos << (std::nuneric_limts<short>::nmax)() // +32767
<< std::endl
<< std::setw(std::nuneric_limts<short>::digitsl0 +1 +1)
<< (std::nuneric_limts<short>: :mn)() << std::endl; Il -32767

For example, unsi gned short isoften stored in 16 bits, so the maximum value is OxFFFF or 65535.

std:: cout
<< std::setw(std::numeric_|limts<unsigned short>::digitsl0 +1 +1) // digitsl10+1, and +1 for sign.
<< std::showpos << (std::nuneric_limnmts<unsigned short>::max)() // 65535
<< std::endl
<< std::setw(std::numeric_|limts<unsigned short>::digitsl0 +1 +1) // digitsl10+1, and +1 for sign.
<< (std::numeric_limts<unsigned short>:min)() << std::endl; /1 0

For bounded floating-point types, if we create a doubl e with a value with di gi t s10 (usually 15) decimal digits, 1e15 or
1000000000000000 :

std::cout.precision(std::numeric_limts<double>::max_digitsl0);
double d = 1el5;

doubl e dpl = d+1;

std::cout << d << "\n" << dpl << std::endl;

// 1000000000000000

// 1000000000000001

std::cout << dpl - d << std::endl; // 1

and we can increment this value to 1000000000000001 as expected and show the difference too.

But if we try to repeat this with more than di gi t s10 digits,

std::cout.precision(std::numeric_limts<double>::nmax_digitsl0);
double d = 1lel6;
doubl e dpl = d+1;
std::cout << d << "\n" << dpl << std::endl;
// 10000000000000000
// 10000000000000000
std::cout << dpl - d << std::endl; // 0O !!!

then we find that when we add one it has no effect, and display show that thereisloss of precision. See Loss of significance or can-
cellation error.

So di gi t s10 isthe number of decimal digits guaranteed to be correct.
For example, 'round-tripping’ for doubl e:

 If adecimal string with at most di gi t s10( == 15) significant decimal digitsis converted to doubl e and then converted back to
the same number of significant decimal digits, then the final string will match the original 15 decimal digit string.

* If adoubl e floating-point number is converted to a decimal string with at least 17 decimal digits and then converted back to
doubl e, then the result will be binary identical to the original doubl e value.

For most purposes, you will much more likely want st d: : numeric_l i mi t s<>: : max_di gi t s10, the number of decimal digits
that ensure that a change of one least significant bit (ULP) produces a different decimal digits string.

For nearly al floating-point types, max_di gi t s10 isdi gi t s10+2, but you should use max_di gi t s10 where possible.

If max_di gi t s10 isnot available, you should using the Kahan formula for floating-point type T
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max_di gitsl0 = std::numeric_limts<T>: :digits * 3010U/ 10000U;

The factor islogg(2) = 0.3010 but must be evaluated at compile time using only integers.
(See dso Richard P. Brent and Paul Zimmerman, Modern Computer Arithmetic Equation 3.8 on page 116.).

The extra two (or 3) least significant digits are 'noisy' and may be junk, but if you want to ‘round-trip' - printing a value out and
reading it back in - youmust useos. preci si on(std: : nuneric_limts<T> :max_di gi t s10) . For at least one popular compiler,
you must also usest d: : sci enti fi c format.

max_digits10

std::numeric_limts<T> :nmax_digits10 wasadded for floating-point because di gi t s10 decimal digits are insufficient to
show aleast significant bit (ULP) change giving puzzling displays like

0. 666666666666667 ! = 0. 666666666666667

from failure to 'round-trip', for example:

double wite = 2./3; // Any arbitrary value that cannot be represented exactly.

doubl e read = 0;

std::stringstreams;

s.precision(std::nunmeric_limts<double>: :digitsl0); // or “float64_t  for 64-bit | EE754 doubl e.
S << wite;

s >> read,
if(read '= wite)
{
std::cout << std::setprecision(std::numeric_limts<double>::digitsl0)
<< read << " =" << write << std::endl;
}

If you wish to ensure that a change of one least significant bit (ULP) produces a different decimal digits string, then max_di gi t s10
isthe precision to use.

For example;

doubl e pi = boost:: math::doubl e_constants: : pi;
std::cout.precision(std::numeric_limts<double>::max_digitsl0);
std::cout << pi << std::endl; // 3.1415926535897931

will display 1Tto the maximum possible precision using adoubl e.

and similarly for a much higher precision type:

usi ng nanmespace boost::multiprecision;

t ypedef nunber <cpp_dec_fl oat <50> > cpp_dec_float_50; // 50 decimal digits.
usi ng boost: :multiprecision::cpp_dec_float_50;

cpp_dec_float _50 pi = boost::math::constants:: pi<cpp_dec_float_50>();
std::cout.precision(std::numeric_limts<cpp_dec_float_50>:: max_di gi ts10);

std::cout << pi << std::endl;
/] 3.141592653589793238462643383279502884197169399375105820974944592307816406

For integer types, max_di gi t s10 isimplementation-dependant, butisusually di gi t s10 + 2. Thisistheoutput field width required
for the maximum value of thetype T st d: : numeric_l i mits<T>:: max() including asign and a space.
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So thiswill produce neat columns.

std::cout << std::setw(std::nuneric_limts<int>::max_digitsl0)

S Note
For Microsoft Visual Studio 2010, std: : nunmeric_l i mit s<fl oat>:: max_di gi t s10 iswrongly defined as 8.
It should be 9.

S Note
For Microsoft Visual Studio, and default float format, a small range of values approximately 0.0001 to 0.004, with
exponent values of 3f2 to 3f6, arewrongly input by oneleast significant bit, probably every third value of significand.

A workaround is using scientific or exponential format << std: : sci entific.

S Note
BOOST_NO CXX11 NUMERIC LIMITSisasuitable feature-test macro to determineif st d: : nuneric_|im
i ts<fl oat>::max_digits10 isimplemented on any platform. If max_di gi t s10 is not available, you should
using the Kahan formulafor floating-point type T. See above.

For example, to be portable, including older platforms:

typedef float T; // Any type: “double’, cpp_dec_float_50, bin_128bit_double_type ...

#i f defined(BOOST_NO CXX11_NUMERI C LIMTS)
std::cout.precision(2 + std::nuneric_limts<T>::digits * 3010U/ 10000U);
#el se
# if (_MSC VER <= 1600) // Correct wong value for float.
std::cout.precision(2 + std::nuneric_limts<T>::digits * 3010U/ 10000U);

# else
std::cout.precision(std::nuneric_limts<T>: :max_digitsl0);
# endif
#endi f
std::cout << "std::cout.precision =" << std::cout.precision() << std::endl;

double x = 1.2345678901234567889;

std::cout << "x = " << x << std::endl; //
which should output:

std::cout.precision = 9
x = 1.23456789

round_style

The rounding style determines how the result of floating-point operations is treated when the result cannot be exactly represented
in the significand. Various rounding modes may be provided:

« round to nearest up or down (default for floating-point types).

* round up (toward positive infinity).
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« round down (toward negative infinity).
* round toward zero (integer types).

» no rounding (if decimal radix).

« rounding mode is not determinable.

For integer types, st d: : nunmeri c_l i mits<T>::round_styl e isawaystowards zero, so
std::nunmeric_limts<T> :round_style == std::round_to_zero;

A decimal type, cpp_dec_f | oat roundsin no particular direction, whichisto say it doesn't round at all. And since there are several
guard digits, it's not really the same as truncation (round toward zero) either.

For floating-point types, it is normal to round to nearest.
std::nunmeric_limts<T> :round_style == std::round_to_nearest;

Seefunction st d: : nuneric_l i mts<T>::round_error for the maximum error (in ULP) that rounding can cause.

has_denorm_loss

true if aloss of precision is detected as a denormalization loss, rather than an inexact result.
Alwaysf al se for integer types.

f al se for all typeswhich do not have has_denor m==st d: : denor m present.
denorm_style

Denormalized values are representations with a variable number of exponent bits that can permit gradual underflow, so that, if type
T isdoubl e.

std::nunmeric_limts<T> :denormmin() < std::nuneric_limts<T> :min()

A type may have any of the following enum f | oat _denor m st yl e values:
» std::denorm absent, if it does not allow denormalized values. (Always used for all integer and exact types).
e std::denorm present, if the floating-point type allows denormalized values.

* std::denorm.i ndet erni nat e, if indeterminate at compile time.

Tinyness before rounding

bool std::numeric_limts<T> :tinyness_before

t r ue if atype can determine that avalueistoo small to be represent as a normalized value before rounding it.

Generally truefori s_i ec559 floating-point built-in types, but false for integer types.

Standard-compliant | EEE 754 fl oating-point implementations may detect the floating-point underflow at three predefined moments:

1. After computation of aresult with absolute valuesmaller thanst d: : numeri c_I i mi t s<T>:: m n(), suchimplementation detects
tinyness before rounding (e.g. UltraSparc).

2. After rounding of the result to st d: : numeric_limts<T>::digits bits, if the result is tiny, such implementation detects
tinyness after rounding (e.g. SuperSparc).
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3. If the conversion of the rounded tiny result to subnormal form resulted intheloss of precision, such implementation detects denorm
loss.

std::numeric_limits<> functions

max function

Functionstd: : numeric_limts<T>::max() returnsthe largest finite value that can be represented by the type T. If thereisno
suchvalue (and numeri c_I i mi t s<T>:: bounded isf al se) then returnsT() .

For built-in types there is usually a corresponding MACRO value TYPE_MAX, where TYPE is CHAR, INT, FLOAT etc.
Other types, including those provided by atypedef, for example | NT64_T_MAX for i nt 64_t , may provide a macro definition.

To cater for situationswhereno nuneri c_I i m t s specialization is available (for example because the precision of the type varies
at runtime), packaged versions of this (and other functions) are provided using

#i ncl ude <boost/ mat h/tool s/ preci sion. hpp>

T = boost::math::tools::max_val ue<T>();

Of course, these simply usest d: : nuneric_| i mits<T>:: max() if available, but otherwise 'do something sensible'.
lowest function

Since C++11:std::nuneric_limts<T> :lowest() is

 For integra types, the same as function i n() .

* For floating-point types, generally the negative of max() (but implementation-dependent).

-(std::nuneric_limts<double> :nmax)() == std::nuneric_limts<double>::|owest();

min function

Function st d: : numeric_limts<T>::mn() returnsthe minimum finite value that can be represented by the type T.

For built-in types there is usually a corresponding MACRO value TYPE_MIN, where TYPE is CHAR, INT, FLOAT etc.
Other types, including those provided by atypedef, for example | NT64_T_M Nfor i nt 64_t , may provide a macro definition.
For floating-point types, it is more fully defined as the minimum positive normalized value.

Seestd::nuneric_|imts<T>::denormnin() for the smallest denormalized value, provided
std::numeric_limts<T>::has_denorm == std::denorm present

To cater for situationswhere no nuneri c_l i nmit's specialization is available (for example because the precision of the type varies
at runtime), packaged versions of this (and other functions) are provided using

#i ncl ude <boost/ mat h/tool s/ preci sion. hpp>

T = boost::math::tools::mn_val ue<T>();

Of course, these simply usest d: : nuneric_limts<T>::min() if available.
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denorm_min function

Function st d: : numeric_limts<T>::denormm n() returnsthe smallest denormalized value, provided

std::nunmeric_|limts<T> :has_denorm == std::denorm present

std::cout.precision(std::numeric_limts<double>::nmax_digitsl0);
if (std::numeric_limts<double>::has_denorm == std::denorm present)
{
double d = std::nuneric_limts<double>::denormmn();
std::cout << d << std::endl; // 4.9406564584124654e- 324

i nt exponent;

doubl e significand = frexp(d, &exponent);

std::cout << "exponent = " << std::hex << exponent << std::endl; // fffffbcf
std::cout << "significand =" << std::hex << significand << std::endl; // 0.50000000000000000
}
el se
{
std::cout << "No denormalization. " << std::endl;
}

The exponent is effectively reduced from -308 to -324 (though it remains encoded as zero and |eading zeros appear in the significand,
thereby losing precision until the significand reaches zero).

round_error

Function st d: : nunmeri c_l i mts<T>::round_error() returnsthe maximum error (in units of ULP) that can be caused by any
basi c arithmetic operation.

round_style == std::round_i ndeterm nate;

Therounding styleis indeterminable at compile time.

For floating-point types, when rounding is to nearest, only half a bit is lost by rounding, and r ound_error == 0. 5. In contrast
when rounding is towards zero, or plus/minus infinity, we can loose up to one bit from rounding, and r ound_error ==

For integer types, rounding always to zero, so at worst almost one bit can be rounded, sor ound_error == 1.

round_error () canbeusedwithstd: : nuneric_limts<T>::epsilon() toestimatethe maximum potential error caused by
rounding. For typical floating-point types, round_error () = 1/ 2, so haf epsilon isthe maximum potential error.

doubl e round_err = std::nunmeric_limts<double>: :epsilon() // 2.2204460492503131e-016
* std::numeric_limts<double>: :round error(); // 1/2
std::cout << round_err << std::endl; // 1.1102230246251565e-016

There are, of course, many occasions when much bigger loss of precision occurs, for example, caused by Loss of significance or
cancellation error or very many iterations.

epsilon
Function st d: : nunmeric_l i mits<T>::epsilon() ismeaningful only for non-integral types.

It returns the difference between 1. 0 and the next value representable by the floating-point type T. So it is a one least-significant-
bit change in this floating-point value.
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For doubl e (f | oat _64t)itis2. 2204460492503131e- 016 showing all possibly significant 17 decimal digits.

std::cout.precision(std::numeric_lints<double>::max_digitsl0)
double d = 1.
doubl e eps = std::nuneric_lints<doubl e>::epsilon()
doubl e dpeps = d+eps
std::cout << std::showpoint // Ensure all trailing zeros are shown.
<< d << "\n" // 1.0000000000000000
<< dpeps << std::endl; // 2.2204460492503131e-016
std::cout << dpeps - d // 1.0000000000000002
<< std::endl

We can explicitly increment by one bit using the function boost : : mat h: : f| oat _next () and the result is the same as adding
epsi | on.

doubl e one 1.;
doubl e nad boost: : mat h: : fl oat _next (one);
std::cout << nad << "\n" // 1.0000000000000002
<< nad - one // 2.2204460492503131e-016
<< std::endl

Adding any smaller value, like half epsi | on, will have no effect on this value.

std::cout.precision(std::nunmeric_limts<double>::max_digitsl0)
double d = 1.

doubl e eps = std::nuneric_limnts<doubl e>::epsilon()

doubl e dpeps = d + eps/?2;

std::cout << std::showpoint // Ensure all trailing zeros are shown.
<< dpeps << "\n" // 1.0000000000000000
<< eps/2 << std::endl; // 1.1102230246251565e-016

std::cout << dpeps - d /1 0.00000000000000000
<< std::endl

So this cancellation error leaves the values equal, despite adding half epsi | on.

To achieve greater portability over platform and floating-point type, Boost.Math and Boost.Multiprecion provide a package of
functions that 'do something sensible’ if the standard nunmeric_linits is not available. To use these #incl ude
<boost/ mat h/ t ool s/ preci si on. hpp>.

A tolerance might be defined using this version of epsilon thus:
Real Type tol erance = boost::nath::tools::epsilon<Real Type>() * 2;

Tolerance for Floating-point Comparisons

epsi | on isvery useful to compute atolerance when comparing floating-point values, amuch more difficult task than is commonly
imagined.

For more information you probably want (but still need) see What Every Computer Scientist Should Know About Floating-Point
Arithmetic

The naive test comparing the absolute difference between two values and a tolerance does not give useful results if the values are
too large or too small.

So Boost.Test uses an agorithm first devised by Knuth for reliably checking if floating-point values are close enough.

See Donald. E. Knuth. The art of computer programming (vol 11). Copyright 1998 Addison-Wesley L ongman, Inc., 0-201-89684-2.
Addison-Wesley Professional; 3rd edition.
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See also:

Alberto Squassia, Comparing floats
Alberto Squassia, Comparing floats code
floating-point comparison.

For example, if we want atolerance that might suit about 9 arithmetical operations, say sqrt(9) = 3, we could define:
T tolerance = 3 * std::nuneric_limts<T>: :epsilon();
Thisisvery widely used in Boost.Math testing with Boost. Test's macro BOOST _CHECK _CLOSE_FRACTI ON

T expected = 1.0;
= 1.

T cal cul at ed 0 + std::nunmeric_limts<T>::epsilon();

BOOST_CHECK_CLGCSE_FRACTI ON( expect ed, cal cul ated, tol erance);

used thus:

BOOST_CHECK_CLGOSE_FRACTI ON( expect ed, cal cul ated, tol erance);

(Thereis aso aversion using tolerance as a percentage rather than a fraction).

usi ng boost: : mul tiprecision:: nunber;
usi ng boost: :mul tiprecision::cpp_dec_float;
usi ng boost: :multiprecision::et_off;

t ypedef nunber <cpp_dec_fl oat <50>, et_off > cpp_dec_float_50; // 50 decimal digits.

@ Note
that Boost.Test does not yet all ow floating-point compari sonswith expression templ ates on, so the default expression
template parameter has been replaced by et _of f .

cpp_dec_float _50 tolerance = 3 * std::nuneric_limts<cpp_dec_float_50>::epsilon();
cpp_dec_fl oat _50 expected = boost::math::constants::two_pi <cpp_dec_fl oat_50>();
cpp_dec_float _50 calculated = 2 * boost::math::constants: : pi <cpp_dec_float_50>();

BOOST_CHECK_CLGOSE_FRACTI ON( expect ed, cal cul ated, tol erance);

Infinity - positive and negative

For floating-point typesonly, forwhichst d: : nunmeri c_l i mit s<T>:: has_i nfinity == true,functionstd: : numeric_lim
its<T>::infinity() providesanimplementation-defined representation for co.

The 'representation’ is a particular bit pattern reserved for infinity. For IEEE754 system (for which std::numeric_lim
its<T>::is_iec559 == true) positive and negative infinity are assigned bit patterns for all defined floating-point types.

Confusingly, the string resulting from outputting this representation, is al so implementation-defined. And the string that can be input
to generate the representation is also implementati on-defined.

For example, the output is 1. #1 NF on Microsoft systems, but i nf on most *nix platforms.
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This implementati on-defined-ness has hampered use of infinity (and NaNs) but Boost.Math and Boost.Multiprecision work hard to
provide asensible representation for all floating-point types, not just the built-in types, which with the use of suitable facetsto define
the input and output strings, makes it possible to use these useful features portably and including Boost.Serialization.

Not-A-Number NaN
Quiet_NaN

For floating-point typesonly, for whichst d: : numeri c_| i mi t s<T>:: has_qui et _NaN == true,functionstd: : numeric_|im
i ts<T>::quiet_NaN() providesanimplementation-defined representation for NaN.

NaNs are values to indicate that the result of an assignment or computation is meaningless. A typical exampleis0/ 0 but there are
many others.

NaNs may also be used, to represent missing values: for example, these could, by convention, be ignored in calculations of statistics
like means.

Many of the problems with arepresentation for Not-A-Number has hampered portable use, similar to those with infinity.

NaN can be used with binary multiprecision types like cpp_bi n_f | oat _quad:

usi ng boost::multiprecision::cpp_bin_float_quad,

if (std::numeric_limts<cpp_bin_float_quad>::has_qui et _NaN == true)
{

cpp_bin_float_quad tolerance = 3 * std::nuneric_limts<cpp_bin_float_quad>::epsilon();

cpp_bin_float_quad NaN = std::nuneric_|limts<cpp_bin_float_quad>::quiet_NaN();
std::cout << "cpp_bin_float_quad NaNis " << NaN << std::endl; // cpp_bin_fl oat _quad NaN O
i S nan

cpp_bin_float _quad expected = NaN;
cpp_bin_float_quad calculated = 2 * NaN,
/'l Conparisons of NaN s always fail:
bool b = expected == cal cul at ed;
std::cout << b << std::endl;
BOOST_CHECK_NE( expect ed, expected);
BOOST_CHECK_NE( expect ed, cal cul ated);

}

el se

{
std::cout << "Type " << typeid(cpp_bin_float_quad).nanme() << " does not have NaNs!" << std::endl;

}

But using Boost.Math and suitable facets can permit portable use of both NaNs and positive and negative infinity.

See boost:/libs/math/example/nonfinite facet sstream.cpp and we also heed

#i ncl ude <boost/ mat h/ speci al _functi ons/ nonfinite_num facets. hpp>

Then we can equally well use amultiprecision type cpp_bin_float_quad:
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usi ng boost:: multiprecision::cpp_bin_float_quad,
typedef cpp_bin_float_quad T;

usi ng boost:: nath::nonfinite_num put;
usi ng boost:: nath::nonfinite_numget;
{
std::locale old_|locale;
std::locale tnp_local e(ol d_Il ocal e, new nonfinite_num put<char>);
std::locale new_ | ocal e(tnp_l ocal e, new nonfinite_num get<char>);
std::stringstream ss;
ss. i mbue(new_| ocal e) ;
Tinf = std::nuneric_limts<T> :infinity();
ss << inf; /] Wite out.

assert(ss.str() == "inf");

Tr,

ss >> r; // Read back in.

assert(inf ==r); // Confirns that the floating-point values really are identical.

std::cout << "infinity output was " << ss.str() << std::endl;
std::cout << "infinity input was " << r << std::endl;

infinity output was inf
infinity input was inf

Similarly we can do the same with NaN (except that we cannot use assert)

std::locale old_|locale;

std::locale tnp_local e(ol d_| ocal e, new nonfinite_num put<char>);
std::locale new | ocal e(tnp_l ocal e, new nonfinite_num get<char>);
std::stringstream ss;

ss. i mbue(new_| ocal e);

T n;

T NaN = std::nuneric_limts<T> :quiet_NaN();

ss << NaN, // Wite out.

assert(ss.str() == "nan");

std::cout << "NaN output was " << ss.str() << std::endl;

ss >>n; // Read back in.

std::cout << "NaN input was " << n << std::endl;

NaN output was nan NaN input was nan

Signaling NaN

For floating-point types only, for which st d: : nunmeric_li m t s<T>:: has_si gnal i ng_NaN == true, functionst d: : nuner -
ic_limts<T>: :signaling_NaN() provides an implementation-defined representation for NaN that causes a hardware trap. It

should be noted however, that at |east one implementation of this function causes a hardware trap to be triggered simply by calling
std::numeric_limts<T>: :signaling_NaN(),andnotonly by using the value returned.

Numeric limits for 32-bit platform

These tables were generated using the following program and options:
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Program
nuneric_limts_gbk. cpp

Mon Nov 4 18:09:06 2013

Bui | dI nf o:
Pl at f orm W n32
Conpiler Mcrosoft Visual C++ version 10.0
MSVC ver si on 160040219.
STL Di nkumware standard |library version 520
Boost version 1.55.0
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Table 4. Integer typesconstants (std: : numeric_linits<T> :is_integer == true && IS _exact ==true)

type signed bound modulo round radix digits digits10
bool unsigned bound no to zero 2 1 0
char signed bound modulo to zero 2 7 2
unsigned char  unsigned bound modulo to zero 2 8 2
charl6 t unsigned bound modulo to zero 2 16 4
char32_t unsigned bound modulo to zero 2 32 9
short signed bound modulo to zero 2 15 4
unsigned unsigned bound modulo to zero 2 16 4
short
int signed bound modulo to zero 2 31 9
unsigned unsigned bound modulo to zero 2 32 9
long signed bound modulo to zero 2 31 9
unsignedlong  unsigned bound modulo to zero 2 32 9
long long signed bound modulo to zero 2 63 18
unsignedlong  unsigned bound modulo to zero 2 64 19
long
int32_t signed bound modulo to zero 2 31 9
uint32 t unsigned bound modulo to zero 2 32 9
int64_t signed bound modulo to zero 2 63 18
uinté4 t unsigned bound modulo to zero 2 64 19
int128 t signed bound modulo to zero 2 128 38
uint128 t unsigned bound modulo to zero 2 128 38
int256 t signed bound modulo to zero 2 256 77
uint256 t unsigned bound modulo to zero 2 256 77
cpp_int signed unbounded no to zero 2 2147483647 646392383
77

render

httpo://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Multiprecision

Table 5. Integer types functions (std::numeric_linits<T>::is_integer == true &&
std::nuneric_limts<T>:mn() == std::nuneric_limts<T> :|owest() )
function max min
bool 1 0
char 127 -128
unsigned char 255 0
charl6 t 65535 0
char32_t 4294967295 0
short 32767 -32768
unsigned short 65535 0
int 2147483647 -2147483648
unsigned int 4294967295 0
long 2147483647 -2147483648
unsigned long 4294967295 0
long long 9223372036854775807 -9223372036854775808
unsigned long long 18446744073709551615 0
int32_t 2147483647 -2147483648
inté4_t 9223372036854775807 -9223372036854775808
int128 t 3A0282366020938463463374607431768211455  -340282363920933463463374607431 768211455
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Table6. Floating-point typesconstants(st d: : nuneric_limts<T>::is_integer==fal se & i s_si gned==t r ue
&& is_nodul o==fal se & is_exact==fal se & i s_bound==tr ue)

type round  radix digits digitsl0 max di- minep mnepd maxep mxepld tiny trap
gits10

float t o 2 24 6 8 -125 -37 128 38 tiny traps
nearest

double t o 2 53 15 17 -1021 -307 1024 308 tiny traps
nearest

long t o 2 53 15 17 -1021 -307 1024 308 tiny traps

double  nearest

eef® inde- 10 50 50 80 2965500 6710834 67108854 no no
termin-
ate

o iyt o 2 377 113 115 B By BBB 66AR  no traps
nearest

Table 7. Floating-point typesfunctions (st d: : numeric_limits<T>::is_integer == fal se)

function float double long double cpp_dec 50 cpp_bin_128

max 3.40282e+038 1.79769e+308 1.79769e+308 1e+67108865 1.85906e+646456766

min 1.17549e-038 2.22507e-308 2.22507e-308 1e-67108864 5.37906¢e-

646456767

epsilon 1.19209e-007 2.22045e-016 2.22045e-016 le-49 6.49713e-114

round_error 0.5 0.5 0.5 0.5 0.5

infinity 1H#INF 1LHINF LHAINF inf inf

quiet_NaN 1#QNAN 1HQNAN 1H#QNAN nan nan

signaling_NaN 1#ONAN 1#QNAN 1H#OQNAN 0 0

denorm_min 1.4013e-045 4.94066e-324 4.94066e-324 0 0

How to Determine the Kind of a Number From std: : nuneric_ linits

Based on the information above, one can see that different kinds of numbers can be differentiated based on the information stored
instd::numeric_linits. Thisisin addition to the traits class number_category provided by thislibrary.

Integer Types

For an integer type T, al of the following conditions hold:
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std::nunmeric_|limts<T> :is_specialized == true
std::nuneric_limts<T> :is_integer == true
std::nunmeric_limts<T> :is_exact == true
std::nunmeric_limts<T>: :mn_exponent == 0
std::nunmeric_limts<T> :nmax_exponent == 0
std::nunmeric_|limts<T> :mn_exponentl0 == 0
std::nunmeric_limts<T> :nmax_exponentl1l0 == 0

In addition the type is signed if:
std::numeric_limts<T>: :is_signed == true
If the typeisarbitrary precision then:
std: :nunmeric_limts<T>: :is_bounded == fal se
Otherwise the type is bounded, and returns a non zero value from:
std::nunmeric_limts<T> :nmax()
and has:
std::numeric_limts<T>::is_modulo == true
if the type implements modulo arithmetic on overflow.

Rational Types

Rational types are just like integers except that:
std::nunmeric_limts<T> :is_integer == fal se

Fixed Precision Types

There appears to be no way to tell these apart from rational types, unless they set:
std::nuneric_limts<T>::is_exact == fal se

Thisis because these types are in essence arational type with afixed denominator.

Floating Point Types

For afloating point type T, all of the following conditions hold:

std::numeric_limts<T>: :is_specialized == true
std::nunmeric_limts<T> :is_integer == fal se
std::nuneric_|limts<T> :is_exact == fal se
std::nunmeric_limts<T>: :mn_exponent != 0
std::nunmeric_limts<T>: :nmax_exponent != 0
std::nunmeric_limts<T> :mn_exponent1l0 != 0
std::numeric_limts<T> :max_exponent10 != 0

In addition the type is signed if:
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std::nunmeric_limts<T> :is_signed == true

And the type may be decimal or binary depending on the value of:
std::nunmeric_|limts<T>: :radix

In general, there are no arbitrary precision floating point types, and so:

std::nunmeric_limts<T> :is_bounded == fal se

Exact Floating Point Types

Exact floating point types are afield composed of an arbitrary precision integer scaled by an exponent. Such types have no division
operator and are the same as floating point types except:

std::nunmeric_limts<T> :is_exact == true

Complex Numbers

For historical reasons, complex numbersdo not specidizest d: : nuneric_limts,insteadyoumustinspectstd: : nuneric_l i m
its<T::val ue_type>.

Input Output

Loopback testing

Loopback or round-tripping refers to writing out a value as a decimal digit string using std::iostream usuadly to a
std::stringstream and then reading the string back in to another value, and confirming that the two values are identical. A
trivial exampleusing f | oat is:

float wite; // Value to round-trip.

std::stringstreamss; // Read and wite std::stringstream
ss.precision(std::numeric_limts<T> :max_digitsl0); // Ensure all potentially significant bits O
are output.

ss.flags(std::ios_base::fmflags(std::ios_base::scientific)); // Use scientific format.

Ss << write; // Qutput to string.

float read; // Expected.

ss >> read; // Read decimal digits string fromstringstream

BOOST _CHECK EQUAL(write, read); // Should be the sane.

and this can be run in aloop for all possible values of a 32-bit float. For other floating-point types T, including built-in doubl e, it
takes far too long to test all values, so areasonable test strategy isto use alarge number of random values.
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T wite;

std::stringstream ss;

ss.precision(std::numeric_limts<T> :max_digitsl0); // Ensure all potentially significant bits O
are output.

ss.flags(f); // Changed fromdefault iostreamformat flags if desired.

ss << write; // Qutput to stringstream

T read,;
ss >> read; // Get read using operator>> fromstringstream
BOOST_CHECK _EQUAL(read, wite);

read = static_cast<T>(ss.str()); // Get read by converting fromdecinal digits string representl
ation of wite.
BOOST_CHECK _EQUAL(read, wite);

read = static_cast<T>(wite.str(0, f)); // Get read using format specified when witten.
BOOST_CHECK _EQUAL(read, wite);

Thetest at test_cpp_hin_float_io.cpp allows any floating-point type to be round_tripped using awide range of fairly random values.
It also includes tests compared a collection of stringdata test casesin afile.

Comparing with output using Built-in types

One can make some comparisons with the output of
<numnber <cpp_bi n_f | oat <53, digit_count_2> >

which has the same number of significant bits (53) as 64-bit double precision floating-point.

However, although most outputs are identical, there are differences on some platforms caused by the implementation-dependent
behaviours allowed by the C99 specification C99 ISO/IEC 9899:TC2, incorporated by C++.

"For g E, f, F, g, and G conversions, if the number of significant decimal digitsis at most DECIMAL_DIG, then
the result should be correctly rounded. If the number of significant decimal digits is more than DECIMAL_DIG
but the source value is exactly representable with DECIMAL_DIG digits, then the result should be an exact rep-
resentation with trailing zeros. Otherwise, the source value is bounded by two adjacent decimal strings L < U,
both having DECIMAL_DIG significant digits; the value of the resultant decimal string D should satisfy L<= D
<= U, with the extra stipulation that the error should have a correct sign for the current rounding direction.”

So not only is correct rounding for the full number of digits not required, but even if the optional recommended practiceisfollowed,
then the value of these last few digitsis unspecified as long as the value is within certain bounds.

E I Note

Do not expect the output from different platforms to be identical, but cpp_dec_f 1 oat, cpp_bi n_f | oat (and
other backends) outputs should be correctly rounded to the number of digits requested by the set precision and
format.

Macro BOOST_MP_MIN_EXPONENT_DIGITS
C99 Standard for format specifiers, 7.19.6 Formatted input/output functions requires:
"The exponent always contains at least two digits, and only as many more digits as necessary to represent the exponent.”

So to conform to the C99 standard (incorporated by C++)

#defi ne BOOST_MP_M N_EXPONENT DI G TS 2
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Confusingly, Microsoft (and MinGW) do not conform to this standard and provide at least three digits, for example 1e+001. So
if you want the output to match that from built-in floating-point types on compilers that use Microsofts runtime then use:

#define BOOST_MP_M N _EXPONENT DI G TS 3
Also useful to get the minimum exponent field width is
#define BOOST_MP_M N_EXPONENT DI G TS 1

producing a compact output like 2e+4, useful when conserving space is important.

Larger values are also supported, for example, value 4 for 2e+0004 which may be useful to ensure that columns line up.
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Reference

number
Synopsis

namespace boost{ nanmespace mul ti precision{
enum expression_tenplate_option { et_on = 1, et_off =0 };

tenpl ate <cl ass Backend> struct expression_tenplate_default
{ static const expression_tenplate_option value = et_on; };

tenpl ate <cl ass Backend, expression_tenpl ate_option ExpressionTenpl ates = expressi on_tenpl ate_del
faul t <Backend>: : val ue>
cl ass nunber
{
nunber () ;
nunber ( see- bel ow) ;
nunber & oper at or =( see- bel ow) ;
nunber & assi gn(see- bel ow) ;

/1 Menmber operators

nunber &
nunber &
nunber &
nunber &
nunber &
nunber &
nunber

nunber

nunber &
nunber &
nunber &
nunber &
nunber &
nunber &

oper at or +=( const
oper at or - =( const
oper at or *=( const
oper at or/ =( const
operat or ++() ;

operator--();

operator++(int);
operator--(int);

oper at or %=( const
oper at or &=( const
oper at or | =( const
oper at or *=( const

oper at or <<=( const
oper at or >>=( const

see- bel owg) ;
see- bel owg) ;
see- bel owg) ;
see- bel owg) ;

see- bel owg) ;
see- bel owg) ;
see- bel owg) ;
see- bel owg) ;

i nteger-typeg&);
i nteger-typeg&);

/] Use in Bool ean context:

operator convertibl e-to-bool -type()const;
/1 swap:

voi d swap(nunber & ot her);

/'l Sign:

bool is_zero()const;

int sign()const;

/1 string conversion:

std::string str()const;

/'l Generic conversion nechani sm

tenpl ate <class T>

T convert _to()const;

tenpl ate <class T>

explicit operator T ()const;

/1 precision control:

static unsigned default_precision();
static void defaul t _precision(unsigned digitsl0);
unsi gned precision()const;

voi d precision(unsigned digitsl0);

/1 Conpari son:

i nt conpare(const nunber<Backend>& o) const ;
tenpl ate <class V>
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typenane enabl e_i f<is_convertibl e<V, nunber<Backend, ExpressionTenplates> > int>: :type
conmpar e(const V& o) const;

/'l Access to the underlying inplenentation:

Backend& backend()

const Backend& backend()const;
b
/1 Non nenber operators:
unnent i onabl e- expressi on-tenpl at e-type operator +(const see-bel ow&) ;
unnent i onabl e- expressi on-tenpl at e-type operator-(const see-bel ow&) ;
unnent i onabl e- expressi on-tenpl at e-type operator +(const see-bel ow& const see-bel ow&);
unnent i onabl e- expressi on-tenpl at e-type operator-(const see-bel ow& const see-bel ow&);
unnent i onabl e- expressi on-tenpl at e-type operator*(const see-bel ow& const see-bel ow&);
unnent i onabl e- expressi on-tenpl ate-type operator/(const see-bel ow& const see-bel ow&);
/'l Integer only operations
unnent i onabl e- expressi on-tenpl at e-type operator % const see-bel ow& const see-bel ow&);
unnent i onabl e- expressi on-tenpl at e-type operator & const see-bel ow& const see-bel ow&);
unnent i onabl e- expressi on-tenpl ate-type operator| (const see-bel ow& const see-bel ow&);
unnent i onabl e- expressi on-tenpl at e-type operator”(const see-bel ow& const see-bel ow&);

unnent i onabl e- expressi on-tenpl ate-type
unnent i onabl e- expressi on-tenpl ate-type
/1 Conparison operators:

oper at or <<(const see-bel ow&, const
oper at or >>(const see-bel ow&, const

i nteger-type&)
i nteger-type&)

bool operator==(const see-bel ow& const see-bel owg);
bool operator!=(const see-bel ow& const see-bel owg);
bool operator< (const see-bel ow& const see-bel owg);
bool operator> (const see-bel ow& const see-bel owg);
bool operator<=(const see-bel ow& const see-bel owg);
bool operator>=(const see-bel ow& const see-bel owg);
/'l Swap:

tenpl ate <cl ass Backend, expression_tenplate_option ExpressionTenpl at es>
voi d swap( nunber <Backend, ExpressionTenpl ates>& a, nunber <Backend, ExpressionTenpl ates>& b);

/'l iostream support:

tenpl ate <cl ass Backend, expression_tenplate_option ExpressionTenpl at es>

std::ostream operator << (std::ostream& os, const nunber<Backend, ExpressionTenplates>& r)
std::ostream operator << (std::ostream& os, const unnentionabl e-expression-tenplate-type& r)
tenpl ate <cl ass Backend, expression_tenplate_option ExpressionTenpl at es>

std::istream operator >> (std::istream& i s, nunber<Backend, ExpressionTenplates>& r);

/1 Arithnmetic with a higher precision result:

tenpl ate <cl ass Resul t Type, class Sourcel cl ass Source2>

Resul t Type& add(Resul t Type& result, const Sourcel& a, const Source2& b)
tenpl ate <cl ass Resul t Type, class Sourcel cl ass Source2>

Resul t Type& subtract (Resul t Type& result, const Sourcel& a, const Source2& b)
tenpl ate <cl ass Resul t Type, class Sourcel cl ass Source2>
Resul t Type& nul tipl y(Resul t Type& result, const Sourcel& a, const Source2& b)

/'l Non-nenber function standard |ibrary support:

render

unnent i onabl e- expressi on-tenpl ate-type abs (const nunber-or-expression-tenpl ate-typeg&)
unnent i onabl e- expressi on-tenpl ate-type f abs (const nunber-or-expressi on-tenpl ate-typeg&)
unnent i onabl e- expressi on-tenpl ate-type sqrt (const nunber-or-expression-tenpl ate-typeg&)
unnent i onabl e- expressi on-tenpl ate-type floor (const nunber-or-expression-tenpl ate-type&)
unnent i onabl e- expressi on-tenpl ate-type ceil (const nunber-or-expression-tenpl ate-typeg&)
unnent i onabl e- expressi on-tenpl ate-type trunc (const nunber-or-expression-tenpl ate-type&)
unnent i onabl e- expressi on-tenpl ate-type itrunc (const nunber-or-expression-tenplate-type&)
unnent i onabl e- expressi on-tenpl ate-type Itrunc (const nunber-or-expression-tenplate-type&)
unnent i onabl e- expressi on-tenpl ate-type I Itrunc(const nunber-or-expression-tenpl ate-type&)
unnent i onabl e- expressi on-tenpl ate-type round (const nunber-or-expression-tenpl ate-type&)
unnent i onabl e- expressi on-tenpl ate-type i round (const nunber-or-expression-tenpl ate-type&)
unnent i onabl e- expressi on-tenpl ate-type | round (const nunber-or-expression-tenpl ate-type&)
unnent i onabl e- expressi on-tenpl ate-type I I round(const nunber-or-expression-tenpl ate-type&)
unnent i onabl e- expressi on-tenpl ate-type exp (const nunber-or-expressi on-tenpl ate-typeg&)
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unnent i onabl e- expressi on-tenpl ate-type | og (const nunber-or-expression-tenpl ate-type&)
unnent i onabl e- expressi on-tenpl ate-type | 0ogl0 (const nunber-or-expression-tenpl ate-typeg&) ;
unnent i onabl e- expressi on-tenpl ate-type cos (const nunber-or-expression-tenpl ate-type&)
unnent i onabl e- expressi on-tenpl ate-type sin (const nunber-or-expression-tenpl ate-type&
unnent i onabl e- expressi on-tenpl ate-type tan (const nunber-or-expression-tenpl ate-type&
unnent i onabl e- expressi on-tenpl ate-type acos (const nunber-or-expression-tenpl ate-type&
unnent i onabl e- expressi on-tenpl ate-type asin (const nunber-or-expression-tenpl ate-type&
unnent i onabl e- expressi on-tenpl ate-type at an (const nunber-or-expression-tenpl ate-type&
unnent i onabl e- expressi on-tenpl ate-type cosh (const nunber-or-expression-tenpl ate-type&
unnent i onabl e- expressi on-tenpl ate-type si nh (const nunber-or-expression-tenpl ate-type&
unnent i onabl e- expressi on-tenpl ate-type t anh (const nunber-or-expression-tenpl ate-type&
unnent i onabl e- expressi on-tenpl at e-type | dexp (const nunber-or-expression-tenpl ate-type& int);
unment i onabl e- expr essi on-tenpl ate-type frexp (const nunber-or-expression-tenpl ate-type& int*)
unnent i onabl e- expressi on-tenpl ate-type pow (const nunber-or-expression-tenpl ate-

type& const nunber-or-expression-tenpl ate-type&);

unnent i onabl e- expressi on-tenpl ate-type frmod (const nunber-or-expression-tenpl ate-

type& const nunber-or-expression-tenpl ate-type&);

unnent i onabl e- expressi on-tenpl ate-type atan2 (const nunber-or-expressi on-tenpl at e-

type& const nunber-or-expression-tenpl ate-type&);

/'l Traits support:

tenpl ate <class T>

struct conponent_type

tenpl ate <class T>

struct nunber_category;
tenpl ate <class T>

struct is_nunber;

tenpl ate <class T>

struct is_nunber_expression

/'l Integer specific functions:

unnent i onabl e- expressi on-tenpl ate-type gcd(const nunber-or - expressi on-tenpl at e-
type& const nunber-or-expression-tenpl ate-type&);
unnent i onabl e- expressi on-tenpl ate-type | cm( const nunber - or - expressi on-tenpl at e-

type& const nunber-or-expression-tenpl ate-type&);
unnent i onabl e- expressi on-tenpl at e-type pow( const nunber - or - expr essi on-t enpl at e-type&, unsigned);
unnent i onabl e- expressi on-tenpl ate-type powr const nunber - or - expressi on-tenpl at e-
type& b, const nunber-or-expression-tenpl ate-type& p, const nunber-or-expression-tenpl ate-type& m;
unnent i onabl e- expressi on-tenpl ate-type sqrt(const nunber-or-expression-tenpl ate-typeg&);
tenpl ate <cl ass Backend, expression_tenplate_option ExpressionTenpl at es>
nunmber <Backend, EXpressi onTenpl at es> sqrt(const nunber-or-expression-tenpl ate-type& nunil
ber <Backend, EXpressi onTenpl at es>&)
tenpl ate <cl ass Backend, expression_tenplate_option ExpressionTenpl at es>
voi d di vi de_qgr (const nunber-or-expressi on-tenpl ate-type& x, const nunber-or-expressi on-tenpl at e-
type& y,

nunber <Backend, ExpressionTenpl ates>& g, nunber <Backend, ExpressionTenpl ates>& r)
tenpl ate <cl ass I nteger>
I nt eger integer_nodul us(const nunber-or-expression-tenpl ate-type& x, Integer val);
unsi gned | sb(const nunber-or-expression-tenpl ate-type& x)
unsi gned nmsb(const nunber-or-expression-tenpl ate-type& x)
tenpl ate <cl ass Backend, class ExpressionTenpl at es>
bool bit_test(const nunber<Backend, ExpressionTenplates>& val, unsigned index);
tenpl ate <cl ass Backend, class ExpressionTenpl at es>
nunmber <Backend, Expressi onTenpl at es>& bit_set (nunber <Backend, Expressi onTenpl ates>& val, unO
si gned index);
tenpl ate <cl ass Backend, class ExpressionTenpl at es>
nunmber <Backend, Expressi onTenpl at es>& bit_unset (nunber <Backend, ExpressionTenpl ates>& val, unl
si gned index);
tenpl ate <cl ass Backend, class ExpressionTenpl at es>
nunmber <Backend, ExpressionTenpl ates>& bit_flip(nunber<Backend, ExpressionTenpl ates>& val, unO
si gned index);
tenpl ate <cl ass Engi ne>
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bool miller_rabin_test(const nunber-or-expression-tenplate-type& n, unsigned trials, Engine& gen);
bool miller_rabin_test(const nunber-or-expression-tenplate-type& n, unsigned trials);

/'l Rational nunber support:

t ypenane conponent _t ype<nunber-or-expressi on-tenpl ate-type>::type nunerator (const nunber-or-
expressi on-tenpl ate-type&);

t ypenanme conponent _t ype<nunber-or-expressi on-tenpl ate-type>: :type denoni nat or (const nunber-or-
expressi on-tenpl ate-type&);

}} /1 nanespaces

nanespace boost{ nanespace math{

/| Boost.Math interoperability functions:

i nt fpcl assify (const nunber - or - expressi on-
tenpl ate-type&, int);
bool isfinite (const nunber - or - expressi on-
tenpl ate-type&, int);
bool i snan (const nunber - or - expressi on-
tenpl ate-type&, int);
bool i sinf (const nunber - or - expr essi on-
tenpl ate-type&, int);
bool i snor nal (const nunber - or - expr essi on-

tenpl ate-type&, int);
}} /1 nanespaces

/1 numeric_limts support:
nanespace std{

tenpl ate <cl ass Backend, expression_tenplate_option ExpressionTenpl at es>
struct numeric_limts<boost::nultiprecision<Backend, ExpressionTenplates> >

{
/* Usual nenbers here */
I
}
Description

enum expression_tenplate_option { et_on = 1, et_off = 0 };
This enumerated type is used to specify whether expression templates are turned on (et_on) or turned off (et_off).

tenpl ate <cl ass Backend> struct expression_tenpl ate_default
{ static const expression_tenplate_option value = et_on; };

Thistraits class specifies the default expression template option to be used with a particular Backend type. It defaultsto et _on.

tenpl at e <cl ass Backend, expression_tenplate_opti on ExpressionTenpl ates = expression_tenpl ate_del
faul t <Backend>: : val ue>
cl ass nunber;

Classnunber has two template arguments:

Backend The actual arithmetic back-end that does all the work.
ExpressionTemplates A Boolean value: when et _on, then expression templates are enabled, otherwisewhen settoet _of f

they are disabled. The default for this parameter is computed viathetraitsclassexpr essi on_t em
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pl at e_def aul t whose member val ue defaultsto et _on unlessthetraits classis specialized for a
particular backend.

number () ;

nunmber ( see- bel ow) ;

nunber & oper at or =( see- bel ow) ;
nunmber & assi gn(see- bel ow) ;

Type nunber isdefault constructible, and both copy constructible and assignable from:

o lItself.

» An expression template which is the result of one of the arithmetic operators.

» Any builtin arithmetic type, as long as the result would not be lossy (for example float to integer conversion).
» Any typethat the Backend isimplicitly constructible or assignable from.

» An rvalue reference to another nunber . Move-semantics are used for construction if the backend also supports rvalue reference
construction. In the case of assignment, move semantics are always supported when the argument isan rvalue reference irrespective
of the backend.

* Any type in the same family, as long as no loss of precision is involved. For example from i nt 128_t to i nt 256_t, or
cpp_dec_fl oat _50tocpp_dec_fl oat_100.

Type nunber isexplicitly constructible from:

» Any type mentioned above.

» Astd::string orany typewhichisconvertibletoconst char*.

* Any arithmetic type (including those that would result in lossy conversions).
» Any typein the same family, including those that result in loss of precision.
» Any type that the Backend is explicitly constructible from.

» Any pair of types for which a generic interconversion exists: that is from integer to integer, integer to rational, integer to float,
rational to rational, rational to float, or float to float.

The assign member function is available for any type for which an explicit converting constructor exists. It is intended to be used
where atemporary generated from an explicit assignment would be expensive, for example:

nmpfr_fl oat _50 f50;
mpfr_float_100 f 100;

f50 = static_cast<nmpfr_float_50>(f100); // explicit cast create a tenporary
f 50. assi gn(f 100); /1 explicit call to assign create no tenporary

In addition, if the type has multiple components (for example rational or complex number types), then there is atwo argument con-
structor:

nunmber (argl, arg2);

Where the two args must either be arithmetic types, or types that are convertible to the two components of t hi s.
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nunber & oper at or +=(const see- bel owg) ;
nunmber & oper at or - =(const see- bel owg) ;
nunber & oper at or *=(const see-bel owg) ;
nunmber & oper at or/ =(const see-bel owg) ;
nunmber & oper at or ++( )
nunmber & operator-- ()
nunmber operator++(int);

number operator--(int);

/'l Integer only operations:

nunber & oper at or %=(const see-bel owg) ;
nunber & oper at or &=(const see- bel owg) ;
nunber & oper at or | =(const see-bel owg) ;
nunmber & oper at or *=(const see-bel owg) ;
nunmber & oper at or <<=(const integer-type&);
nunber & oper at or >>=(const i nteger-type&);

These operators al take their usual arithmetic meanings.

The arguments to these operatorsis either:

» Another nunber <Backend, Expressi onTenpl at es>.

» An expression template derived from nunber <Backend>.

» Any typeimplicitly convertibleto nunber <Backend, Expressi onTenpl at es>, including some other instance of classnunber .

For the left and right shift operations, the argument must be a builtin integer type with a positive value (nhegative values result in a
std::runtime_error being thrown).

operator converti bl e-to-bool -type()const;

Returns an unmentionable-type that isusablein Boolean contexts (thisallowsnunber to beused in any Boolean context - if statements,
conditional statements, or as an argument to alogical operator - without type nunber being convertible to type bool .

This operator also enables the use of nunber with any of the following operators: ! , | | , & and ?: .
voi d swap( nunber & ot her);
Swaps*t hi s with ot her .
bool is_zero()const;
Returnst rue is*t hi s iszero, otherwisef al se.
int sign()const;
Returns avalue less than zero if *t hi s is negative, avalue greater than zero if *t hi s is positive, and zero if *t hi s is zero.
std::string str(unsigned precision, bool scientific = true)const;

Returns the number formatted as a string, with at least precision digits, and in scientific format if scientific is true.
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tenpl ate <class T>
T convert_to()const;

tenpl ate <class T>
explicit operator T ()const;

Provides a generic conversion mechanism to convert *t hi s to type T. Type T may be any arithmetic type. Optionally other types
may also be supported by specific Backend types.

static unsigned default_precision();

static void default_precision(unsigned digitsl0);
unsi gned precision()const;

voi d precision(unsigned digitsl0);

These functions are only available if the Backend template parameter supports runtime changes to precision. They get and set the
default precision and the precision of *t hi s respectively.

i nt conpare(const nunmber<Backend, ExpressionTenpl ates>& 0)const;

tenpl ate <cl ass V>

typenane enabl e_i f<is_converti bl e<V, nunber<Backend, ExpressionTenplates> > int>: :type
conpar e(const V& ot her)const;

Returns:
» Avauelessthat Ofor*this < other
» Avauegreaterthat Ofor *t hi s > ot her

e Zerofor*this == ot her

Backend& backend();
const Backend& backend()const;

Returns the underlying back-end instance used by *t hi s.
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Non-member operators

/1 Non nenber operators:

unnent i onabl e- expr essi on-tenpl at e-type operator +
unnent i onabl e- expr essi on-tenpl at e-type operator -
unnent i onabl e- expr essi on-tenpl at e-type operator +
unnent i onabl e- expr essi on-tenpl at e-type operator -
unnent i onabl e- expressi on-tenpl at e-type operator*
unnent i onabl e- expr essi on-tenpl at e-type operator/
/1 Integer only operations:

unnent i onabl e- expr essi on-tenpl at e-type operat or % const see-bel ow& const see-bel ow&);
unnent i onabl e- expr essi on-tenpl at e-type operator & const see-bel ow& const see-bel ow&);
unnent i onabl e- expressi on-tenpl ate-type operator| (const see-bel ow& const see-bel ow&);
unnent i onabl e- expr essi on-tenpl at e-type operator”(const see-bel ow& const see-bel ow&);
unnent i onabl e- expr essi on-tenpl at e-type operat or <<(const see-bel ow&, const integer-type&);
unnent i onabl e- expr essi on-tenpl at e-type operator>>(const see-bel ow&, const integer-type&);
/| Comparison operators:

bool operator==(const see-bel ow&, const see-bel ow&);

bool operator!=(const see-bel ow& const see-bel ows);

bool operator< (const see-bel ow& const see-bel ows);

bool operator> (const see-bel ow& const see-bel ows);

bool operator<=(const see-bel ow& const see-bel ow&);

bool operator>=(const see-bel ow&, const see-bel ow&);

const see-bel ow&) ;
const see-bel ow&) ;
const see-bel ow& const see-bel ow&) ;
const see-bel ow& const see-bel ow&) ;
const see-bel ow& const see-bel ow&) ;
const see-bel ow& const see-bel ow&) ;

~ N N~ o~

These operators all take their usual arithmetic meanings.

The arguments to these functions must contain at least one of the following:

* A nunber.

» An expression template type derived from nunber .

» Any type for which nunber has animplicit constructor - for example a builtin arithmetic type.
The return type of these operatorsis either:

* An unmentionable-type expression template type when Expr essi onTenpl at es istr ue.

» Typenunber <Backend, et _of f >when Expressi onTenpl at es isf al se.

» Typebool if the operator isacomparison operator.

Finally note that the second argument to the left and right shift operations must be a builtin integer type, and that the argument must
be positive (negative argumentsresult inast d: : runti me_er r or being thrown).

swap

tenpl ate <cl ass Backend, ExpressionTenpl at es>
voi d swap( nunber <Backend, ExpressionTenpl ates>& a, nunber <Backend, Expressi onTenpl ates>& b);

Swapsa and b.

lostream Support

tenpl ate <cl ass Backend, expression_tenplate_option ExpressionTenpl at es>

std::ostream operator << (std::ostream& os, const numnber <Backend, ExpressionTenplates>& r);
tenpl ate <cl ass Unspecified...>

std::ostream operator << (std::ostream& os, const unmentionabl e-expression-tenplate& r);
tenpl ate <cl ass Backend, expression_tenplate_option ExpressionTenpl at es>

inline std::istream& operator >> (std::istream% is, nunber<Backend, ExpressionTenpl ates>& r)
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These operators provided formatted input-output operations on nunber types, and expression templates derived from them.

It's down to the back-end type to actually implement string conversion. However, the back-ends provided with this library support

all of theiostream formatting flags, field width and precision settings.

Arithmetic with a higher precision result

tenpl ate <cl ass Resul t Type,
Resul t Type& add(Resul t Type& resul t,

tenpl ate <cl ass Resul t Type,
Resul t Type& subtract (Resul t Type& result

tenpl ate <cl ass Resul t Type,
Resul t Type& nmul tiply(Result Type& result

cl ass Sourcel class Source2>
const Sourcel& a, const Source2& b);

cl ass Sourcel class Source2>
const Sourcel& a, const Source2& b)
cl ass Sourcel class Source2>

const Sourcel& a, const Source2& b)

These functions apply the named operator to the arguments a and b and store the result in result, returning result. In all cases they
behave "asif" arguments a and b werefirst promoted to type Resul t Type before applying the operator, though particular backends
may well avoid that step by way of an optimization.

Thetype Resul t Type must be an instance of class nunber , and the types Sour cel and Sour ce2 may be either instances of class
nunber or nativeinteger types. Thelatter isan optimization that allows arithmetic to be performed on native integer types producing
an extended precision result.

Non-member standard library function support

render

unment i onabl e- expressi on-tenpl ate-type abs (const nunber - or-expressi on-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type f abs (const nunber-or-expressi on-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type sqrt (const nunber-or-expression-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type floor (const nunber-or-expression-tenplate-type&
unment i onabl e- expressi on-tenpl ate-type ceil (const nunber - or-expression-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type trunc (const nunber-or-expression-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type itrunc (const nunber-or-expression-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type Itrunc (const nunber-or-expression-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type I ltrunc(const nunber-or-expression-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type round (const nunber-or-expression-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type i round (const nunber-or-expression-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type I round (const nunber-or-expression-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type I I round(const nunber-or-expression-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type exp (const nunber - or - expressi on-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type | og (const nunber-or - expressi on-tenpl ate-type&)
unment i onabl e- expressi on-tenpl ate-type I 0og10 (const number - or - expressi on-tenpl at e-type&)
unment i onabl e- expressi on-tenpl ate-type cos (const nunber - or - expressi on-tenpl ate-type&)
unment i onabl e- expressi on-tenpl ate-type sin (const nunber - or-expressi on-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type tan (const nunber-or-expression-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type acos (const nunber-or-expression-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type asin (const nunber - or-expressi on-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type at an (const nunber-or-expression-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type cosh (const nunber-or-expression-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type si nh (const nunber - or-expressi on-tenpl ate-type&
unment i onabl e- expressi on-tenpl ate-type t anh (const nunber-or-expressi on-tenpl ate-type&
unment i onabl e- expr essi on-t enpl ate-type | dexp (const numnber-or-expression-tenpl ate-type&, int);
unment i onabl e- expr essi on-t enpl at e-t ype frexp (const nunber-or-expression-tenpl ate-type& int*)

unnent i
type&
unnent i
type&
unnent i
type&

onabl e- express

on-tenpl ate-type pow (const number-or-expression-tenpl at e-

const nunber - or - expressi on-tenpl at e-type&)

onabl e- express

on-tenpl ate-type fnmod (const nunber-or-expression-tenpl ate-

const nunber - or - expressi on-tenpl at e-type&)

onabl e- express

on-tenpl ate-type atan2 (const numnber - or - expressi on-tenpl at e-

const nunber - or - expressi on-tenpl at e-type&)
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These functions all behave exactly as their standard library C++11 counterparts do: their argument is either an instance of nunber
or an expression template derived from it; If the argument is of type nunber <Backend, et _of f > then that is also the return type,
otherwise the return type is an expression template.

These functions are normally implemented by the Backend type. However, default versions are provided for Backend types that
don't have native support for these functions. Please note however, that this default support requires the precision of the type to be
a compile time constant - this means for example that the GM P MPF Backend will not work with these functions when that type is
used at variable precision.

Also note that with the exception of abs that these functions can only be used with floating-point Backend types (if any other types
such asfixed precision or complex types are added to the library later, then these functions may be extended to support those number

types).

The precision of these functionsisgenerally determined by the backend implementation. For example the precision of these functions
when used with mpfr_float is determined entirely by MPFR. When these functions use our own implementations, the accuracy of
the transcendental functions is generally a few epsilon. Note however, that the trigonometrical functions incur the usual accuracy
loss when reducing arguments by large multiples of 1. Also note that both gmp_float and cpp_dec_float have a number of guard
digits beyond their stated precision, so the error rates listed for these are in some sense artificially low.

The following table shows the error rates we observe for these functions with various backend types, functions not listed here are
exact (tested on Win32 with VC++10, MPFR-3.0.0, MPIR-2.1.1):

Function mpfr_float_50 mpf_float_50 cpp_dec float 50
sort leps Oeps Oeps
eXp leps Oeps Oeps
log leps Oeps Oeps
log10 leps Oeps Oeps
cos 700eps Oeps Oeps
sin leps Oeps Oeps
tan Oeps Oeps Oeps
acos Oeps Oeps Oeps
asin Oeps Oeps Oeps
atan leps Oeps Oeps
cosh 1045eps* Oeps Oeps
sinh 2eps Oeps Oeps
tanh leps Oeps Oeps
pow Oeps 4eps 3eps
atan2 leps Oeps Oeps

Lits likely that the inherent error in the input values to our test cases are to blame here.
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Traits Class Support

tenpl ate <class T>
struct conponent _type;

If thisis atype with multiple components (for example rational or complex types), then this trait has a single member t ype that is
the type of those components.

tenpl ate <class T>
struct nunber_cat egory;

A traits class that inherits from npl ::int _<N> where N is one of the enumerated values nunber ki nd_i nt eger, num
ber ki nd_fl oating_poi nt,nunber ki nd_rational ,nunber ki nd_fi xed_poi nt,ornunber ki nd_unknown. Thistraits
classis specialized for any typethat hasst d: : nuneri c_I i m ts support aswell asfor classesin thislibrary: which meansit can
be used for generic code that must work with built in arithmetic types as well as multiprecision ones.

tenpl ate <class T>
struct is_nunber;

A traits classthat inheritsfrom npl : : t rue_ if T isaninstance of nunber <>, otherwise fromnpl : : f al se_.

tenpl ate <class T>
struct is_nunber_expression;

A traits class that inherits from npl ::true_ if T is an expression template type derived from nunber <>, otherwise from
npl ::fal se_.

Integer functions
In addition to functioning with types from this library, these functions are also overloaded for built in integer types if you include
<boost / nul ti preci si on/int eger. hpp>. Further, when used with fixed precision types (whether built in integers or multipre-

cision ones), the functions will promote to a wider type internally when the algorithm requires it. Versions overloaded for built in
integer types return that integer type rather than an expression template.

unment i onabl e- expressi on-tenpl ate-type gcd(const number - or - expressi on-tenpl at e-
type& a, const numnber-or-expression-tenpl ate-type& b);

Returnsthe largest integer x that divides both a and b.

unment i onabl e- expressi on-tenpl ate-type | cm( const nunber - or - expressi on-tenpl at e-
type& a, const nunber-or-expression-tenplate-type& b);

Returns the smallest integer x that is divisible by both a and b.

unment i onabl e- expressi on-tenpl ate-type pow( const numnber - or - expressi on-tenpl ate-type& b, unO
signed p);

Returns bP as an expression template. Note that this function should be used with extreme care as the result can grow so large as to
take "effectively forever" to compute, or else simply run the host machine out of memory. Thisis the one function in this category
that is not overloaded for built in integer types, further, it's probably not a good ideato use it with fixed precision cpp_i nt 's either.

unment i onabl e- expressi on-tenpl ate-type powm const nunber - or - expressi on-t enpl at e-
type& b, const nunber-or-expression-tenpl ate-type& p, const numnber-or-expression-tenpl ate-type& m;
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Returns bP mod m as an expression template. Fixed precision types are promoted internally to ensure accuracy.
unment i onabl e- expressi on-tenpl ate-type sqrt(const number-or-expression-tenpl ate-type& a);
Returnsthe largest integer x suchthatx * x < a.

tenpl ate <cl ass Backend, expression_tenplate_option ExpressionTenpl at es>
nunmber <Backend, EXpressi onTenpl at es> sqrt(const nunber-or-expression-tenpl at e-
type& a, nunber<Backend, EXpressionTenpl ates>& r)

Returnsthe largest integer x suchthat x * x < a, and setstheremainder r suchthatr = a - x * x.

tenpl ate <cl ass Backend, expression_tenplate_option ExpressionTenpl at es>
voi d di vide_qr (const numnber - or-expression-tenpl ate-type& x, const nunber - or-expressi on-tenpl at e-

type& vy,
nunber <Backend, ExpressionTenpl ates>& g, nunber <Backend, ExpressionTenplates>& r);

Divides x by y and returns both the quotient and remainder. After thecallqg = x / yandr = x %y.

tenpl ate <cl ass I nteger>
I nt eger integer_nodul us(const nunber-or-expression-tenpl ate-type& x, Integer val);

Returns the absolute value of x % val .
unsi gned | sb(const nunber-or-expression-tenpl ate-type& x)

Returns the (zero-based) index of the least significant bit that is set to 1.

Throwsastd: : range_error if theargumentis<=0.
unsi gned nmsb(const nunber-or-expression-tenpl ate-type& x)

Returns the (zero-based) index of the most significant bit.

Throwsastd: : range_error if theargumentis<=0.

tenpl ate <cl ass Backend, cl ass ExpressionTenpl at es>
bool bit_test(const nunmber<Backend, ExpressionTenpl ates>& val, unsigned index);

Returnst r ue if the bit at index in val is set.

tenpl ate <cl ass Backend, cl ass ExpressionTenpl at es>
nunmber <Backend, ExpressionTenpl ates>& bit_set (nunber <Backend, Expressi onTenpl ates>& val, unQO
signed index);

Setsthe bit at index in val, and returns val.

tenpl ate <cl ass Backend, class ExpressionTenpl at es>
nunmber <Backend, Expressi onTenpl at es>& bit_unset (nunber <Backend, ExpressionTenpl ates>& val, unl
si gned index);

Unsets the bit at index in val, and returns val.
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tenpl ate <cl ass Backend, class ExpressionTenpl at es>
nunmber <Backend, ExpressionTenpl ates>& bit_flip(nunber<Backend, ExpressionTenpl ates>& val, unO
si gned index);

Flipsthe bit at index in val, and returns val.

tenpl ate <cl ass Engi ne>
bool niller_rabin_test(const nunber-or-expression-tenplate-type& n, unsigned trials, Engine& gen);
bool miller_rabin_test(const number-or-expression-tenplate-type& n, unsigned trials);

Teststo seeif the number n is probably prime - the test excludes the vast mgjority of composite numbers by excluding small prime
factors and performing a single Fermat test. Then performs trials Miller-Rabin tests. Returnsf al se if nis definitely composite, or
t rue if nisprobably prime with the probability of it being composite less than 0.25Mtrials. Fixed precision types are promoted in-
ternally to ensure accuracy.

Rational Number Functions

t ypenanme conponent _t ype<nunber-or-expressi on-tenpl ate-type>::type nunerator (const nunber-or-
expressi on-tenpl ate-type&);
t ypename conponent _t ype<nunber - or-expressi on-tenpl ate-type>::type denom nat or (const nunber-or-
expressi on-tenpl ate-type&);

These functions return the numerator and denominator of arational number respectively.

Boost.Math Interoperability Support

namespace boost{ namespace math{

int fpclassify (const number - or - expression-tenpl ate-type&, int)
bool isfinite (const number - or - expression-tenpl ate-type&, int)
bool isnan (const numnber - or - expression-tenpl ate-type&, int);
bool i si nf (const number - or - expression-tenpl ate-type&, int)
bool i snornal (const numnber - or - expression-tenpl ate-type&, int)

}} // nanespaces

These floating-point classification functions behave exactly as their Boost.Math equivalents.

Other Boost.Math functions and templates may also be specialized or overloaded to ensure interoperability.

std::numeric_limits support

namespace st d{

tenpl ate <cl ass Backend, ExpressionTenpl at es>
struct numeric_limts<boost::nultiprecision<Backend, ExpressionTenplates> >

{
I

}

/* Usual nenbers here */

Classtemplate st d: : numeric_| i nmits isspecialized for all instantiations of nunber whose precision is known at compile time,
plus those types whose precision is unlimited (though it is much less useful in those cases). It is not specialized for types whose
precision can vary at compile time (such as npf _f | oat ).
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cpp_int
namespace boost{ nanmespace mul ti precision{
t ypedef unspecified-type linb_type;

enum cpp_i nt eger _type { signed_nagni tude, unsigned_ragnitude }
enum cpp_i nt_check_type { checked, unchecked };

tenpl ate <unsigned MnDigits = 0
unsigned MaxDits = 0
cpp_i nteger_type SignType = si gned_nagnitude
cpp_i nt _check_type Checked = unchecked,
class Allocator = std::allocator<linb_type> >
cl ass cpp_i nt _backend
I
/1l Expression tenplates default to et _off if there is no allocator
I
tenpl ate <unsigned M nbDigits, unsigned MaxDigits, cpp_integer_type SignQ
Type, cpp_int_check_type Checked>
struct expression_tenpl ate_defaul t <cpp_i nt _backend<M nDigits, MaxDigits, Si gnType, Checked, void> >
{ static const expression_tenplate_option value = et_off; }

t ypedef nunber <cpp_i nt _backend<> > cpp_int; /1 arbitrary precision integer
typedef rational _adaptor<cpp_i nt_backend<> > cpp_rational _backend

t ypedef nunber <cpp_rational _backend> cpp_rational; // arbitrary precision rational 0O
nunmber

/'l Fixed precision unsigned types:

t ypedef nunber <cpp_i nt _backend<128, 128, unsigned_magnitude, unchecked, void> > uint128_t;
t ypedef nunber <cpp_i nt _backend<256, 256, unsigned_magnitude, unchecked, void> > ui nt 256_t

t ypedef nunber <cpp_i nt _backend<512, 512, unsigned_magnitude, unchecked, void> > uint512 t

t ypedef nunber <cpp_i nt _backend<1024, 1024, unsi gned_magni tude, unchecked, void> > uint1024_t;

/'l Fixed precision signed types:

t ypedef nunber <cpp_i nt _backend<128, 128, signed_nagnitude, unchecked, void> > intl1l28 t;
t ypedef nunber <cpp_i nt _backend<256, 256, signed_nagnitude, unchecked, void> > i nt256_t;
t ypedef nunber <cpp_i nt _backend<512, 512, signed_nagnitude, unchecked, void> > int512 t;

t ypedef nunber <cpp_i nt _backend<1024, 1024, signed_magnitude, unchecked, void> > int1024_t;

/1 Over again, but with checking enabled this tine:

t ypedef nunber <cpp_i nt _backend<0, 0, signed_nagnitude, checked> > checked_cpp_int;
t ypedef rational _adaptor<cpp_i nt_backend<0, 0, signed_nagnitude, checked> > checked_cpp_ral
tional _backend

t ypedef nunber <cpp_rational _backend> checked_cpp_ral
tional ;

/'l Checked fixed precision unsigned types:

t ypedef nunber <cpp_i nt _backend<128, 128, unsigned_ragni tude, checked, void> > ad
checked_ui nt 128 _t;

t ypedef nunber <cpp_i nt _backend<256, 256, unsigned_magnitude, checked, void> > ad
checked_ui nt 256_t ;

t ypedef nunber <cpp_i nt _backend<512, 512, unsigned_magni tude, checked, void> > ad
checked_ui nt512_t;

t ypedef nunber <cpp_i nt _backend<1024, 1024, unsi gned_nagni tude, checked, void> > [
checked_ui nt 1024 _t;

/'l Fixed precision signed types:
t ypedef nunber <cpp_i nt _backend<128, 128, signed_nagnitude, checked, void> > checked_i nt 128 t;
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t ypedef nunber <cpp_i nt _backend<256, 256, signed_nagnitude, checked, void> > checked_i nt 256 _t ;
t ypedef nunber <cpp_i nt _backend<512, 512, signed_nagnitude, checked, void> > checked_i nt512_t;
t ypedef nunber <cpp_i nt _backend<1024, 1024, signed_magnitude, checked, void> > O

checked_i nt 1024 _t;

}} /1 nanespaces

Class template cpp_i nt _backend fulfils al of the requirements for a Backend type. Its members and non-member functions are
deliberately not documented: these are considered implementation details that are subject to change.

The template arguments are:

MinBits Determines the number of Bits to store directly within the object before resorting to dynamic memory allocation.
When zero, thisfield is determined automatically based on how many bits can be stored in union with the dynamic
storage header: setting a larger value may improve performance as larger integer values will be stored internally
before memory allocation is required.

MaxBits Determines the maximum number of bitsto be stored in the type: resulting in afixed precision type. When thisvalue
isthe same as MinBits, then the Allocator parameter isignored, as no dynamic memory allocation will ever be per-
formed: in this situation the Allocator parameter should be set to type voi d. Note that this parameter should not be
used simply to prevent large memory allocations, not only is that role better performed by the alocator, but fixed
precision integers have a tendency to allocate all of MaxBits of storage more often than one would expect.

SignType Determines whether the resulting type is signed or not. Note that for arbitrary precision types this parameter must
be si gned_magni t ude. For fixed precision types then this type may be either si gned_magni t ude or un-
si gned_nmagni t ude.

Checked This parameter has two values: checked or unchecked. See the tutorial for more information.
Allocator The allocator to use for dynamic memory alocation, or typevoi d if MaxBits == MinBits.
Thetype of number _cat egory<cpp_i nt<Args...> > :typeisnpl::int_<nunber_kind_integer>.

More information on this type can be found in the tutorial.
gmp_int

nanespace boost{ nanespace mul ti precision{
class gnp_int;
t ypedef nunber <gnp_int > npz_int;

+} /1 namespaces

Classtemplate gnp_i nt fulfilsall of the requirements for a Backend type. Its members and non-member functions are deliberately
not documented: these are considered implementation details that are subject to change.

Thetype of nunber _cat egory<cpp_i nt<Args...> >::typeisnpl::int_<nunber_kind_integer>.

More information on this type can be found in the tutorial.
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tom_int

namespace boost{ nanmespace mul ti precision{
class tomath_int;
t ypedef nunber<tonmmath_int > tom.int;

}} /1 nanespaces

Classtemplatet ormat h_i nt fulfilsal of the requirements for a Backend type. Its members and non-member functions are delib-
erately not documented: these are considered implementation details that are subject to change.

Thetype of nunber _cat egory<cpp_i nt <Args...> >::typeisnpl::int_<nunber_kind_i nteger>.

More information on this type can be found in the tutorial.
gmp_float

namespace boost{ nanmespace mul ti precision{

tenpl ate <unsi gned Di gits10>
class gnmp_fl oat;

t ypedef nunber <gnp_f | oat <50> > npf _f 1 oat _50;

t ypedef nunber <gnp_f1l oat <100> > npf _fl oat _100;
t ypedef nunber <gnp_f 1| oat <500> > npf _fl oat _500;
typedef nunber <gnp_f1l oat <1000> > npf_fl oat_1000;
t ypedef nunber <gnp_fI oat <0> > npf _fl oat ;

}} /1 nanespaces

Classtemplategnp_f | oat fulfilsall of therequirementsfor aBackend type. Its members and non-member functions are deliberately
not documented: these are considered implementation details that are subject to change.

The class takes a single template parameter - Di gi t s10 - which is the number of decimal digits precision the type should support.
When this parameter iszero, then the precision can be set at runtimevianunber : : def aul t _pr eci si on andnunber : : preci si on.
Note that this type does not in any way change the GMP library's global state (for example it does not change the default precision
of the mpf_t datatype), therefore you can safely mix this type with existing code that uses GMP, and also mix gnp_f | oat s of dif-
fering precision.

Thetype of nunber _cat egory<cpp_i nt<Args...> >::typeisnpl::int_<number kind_floating_point>.

More information on this type can be found in the tutorial.
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mpfr_float _backend

namespace boost{ nanmespace mul ti precision{

tenpl ate <unsi gned Digitsl1l0>
class npfr_fl oat_backend;

t ypedef nunber <npfr_fl oat _backend<50> > mpfr_fl oat _50;
t ypedef nunber <npfr_fl oat _backend<100> > mpfr_fl oat _100;
t ypedef nunber <npfr_fl oat _backend<500> > mpfr_fl oat _500;

mpfr_fl oat _1000
mpfr_float;

t ypedef
t ypedef

nunber <npfr_f | oat _backend<1000> >
nunmber <npfr _fl oat _backend<0> >

}} /1 nanespaces

Classtemplate mpf r _f | oat _backend fulfils all of the requirements for a Backend type. Its members and non-member functions
are deliberately not documented: these are considered implementation details that are subject to change.

The class takes a single template parameter - Di gi t s10 - which is the number of decimal digits precision the type should support.
When thisparameter iszero, then the precision can be set at runtimevianunber : : def aul t _pr eci si on andnunber : : preci si on.
Note that this type does not in any way change the GMP or MPFR library's global state (for example it does not change the default
precision of the mpfr_t datatype), therefore you can safely mix this type with existing code that uses GMP or MPFR, and aso mix
mpf r _f 1 oat _backends of differing precision.

Thetype of nunber _cat egor y<cpp_i nt<Args...> >::typeisnpl::int_<nunber_kind_fl oati ng_poi nt>.

More information on this type can be found in the tutorial.
cpp_bin_float

namespace boost{ namespace mul ti precision{

enum di gi t _base_type

{

2,
10

di git_base_2
di git _base_10

b

tenpl ate <unsigned Digits, class Allocator = void, class ExO
ponent int, ExponentM n

cl ass cpp_bin_float;

di git_base_type base = digit_base_10,
0, Exponent Max 0>

t ypedef nunber <cpp_bi n_fl oat <50> > cpp_bi n_f| oat _50;
t ypedef nunber <cpp_bi n_fl oat <100> > cpp_bi n_fl oat _100;

t ypedef nunber <backends: :

cpp_bi n_fl oat <24, backends: :di O

git_base 2, void, boost::intl6_t, -126, 127>, et_off> cpp_bi n_fl oat _single

t ypedef nunber <backends: : cpp_bi n_fl oat <53, backends: : di O

git_base 2, void, boost::intl6_t, -1022, 1023> et_off> cpp_bi n_fl oat _doubl e

t ypedef nunber <backends: : cpp_bi n_f | oat <64, backends: :di O

git_base_2, void, boost::intl6_t, -16382, 16383> et_off> cpp_bi n_f | oat _doubl e_ext ended
t ypedef nunber <backends: : cpp_bi n_fl oat <113, backends::di O

git_base 2, void, boost::intl6_t, -16382, 16383> et_off> cpp_bin_float_quad

}} // nanespaces

Classtemplate cpp_bi n_f | oat fulfilsall of the requirements for a Backend type. Its members and non-member functions are de-
liberately not documented: these are considered implementation details that are subject to change.
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The class takes six template parameters:

Digits The number of digits precision the type should support. Thisis normally expressed as base-10 digits, but that can
be changed via the second template parameter.

base An enumerated value (either di gi t _base_10 or di gi t _base_2) that indicates whether Di gi t s isbase-10 or
base-2

Allocator The allocator used: defaults to type voi d, meaning all storage is within the class, and no dynamic allocation is

performed, but can be set to a standard library allocator if dynamic allocation makes more sense.
Exponent A signed integer type to use as the type of the exponent - defaultstoi nt .

ExponentMin The smallest (most negative) permitted exponent, defaults to zero, meaning "define as small as possible given
the limitations of the type and our internal requirements’.

ExponentM ax The largest (most positive) permitted exponent, defaults to zero, meaning "define as large as possible given the
limitations of the type and our internal requirements”.

Thetype of number _cat egory<cpp_bin_float<Args...> >::typeisnpl::int_<nunber_kind fl oating_point>.

More information on this type can be found in the tutorial.

Implementation Notes

Internally, an N-bit cpp_bi n_f | oat isrepresented as an N-bit unsigned integer along with an exponent and asign. The integer part
isnormalized so that it's most significant bit is always 1. The decimal point is assumed to be directly after the most significant bit
of theinteger part. The special values zero, infinity and NaN all have theinteger part set to zero, and the exponent to one of 3 special
values above the maximum permitted exponent.

Multiplication istrivial: multiply the two N-bit integer mantissa's to obtain a 2N-bit number, then round and adjust the sign and ex-
ponent.

Addition and subtraction proceed similarly - if the exponents are such that there is overlap between the two values, then left shift
the larger value to produce a number with between N and 2N bits, then perform integer addition or subtraction, round, and adjust
the exponent.

Division proceeds as follows: first scale the numerator by some power of 2 so that integer division will produce either an N-bit or
N+1 bit result plus aremainder. If we get an N bit result then the size of twice the remainder compared to the denominator gives us
the rounding direction. Otherwise we have one extra bit in the result which we can use to determine rounding (in this case ties occur
only if the remainder is zero and the extrabit isa 1).

Square root uses integer sguare root in a manner analogous to division.

Decimal string to binary conversion proceeds asfollows: first parse the digitsto produce an integer multiplied by adecimal exponent.
Note that we stop parsing digits once we have parsed as many as can possibly effect the result - this stops the integer part growing
too large when there are avery large number of input digits provided. At this stage if the decimal exponent is positive then the result
isan integer and we can in principle simply multiply by 10*N to get an exact integer result. In practice however, that could produce
some very large integers. We a so need to be able to divide by 10™N in the event that the exponent is negative. Therefore calculation
of the 10"N values plus the multiplication or division are performed using limited precision integer arithmetic, plus an exponent,
and atrack of the accumulated error. At the end of the calculation we will either be able to round unambiguously, or the error will
be such that we can't tell which way to round. In the latter case we simply up the precision and try again until we have an unambiguously
rounded result.

Binary to decimal conversion proceeds very similarly to the above, our aimisto calculate manti ssa * 27shift * 10°Ewhere
E is the decimal exponent and shi ft is calculated so that the result is an N bit integer assuming we want N digits printed in the
result. As before we use limited precision arithmetic to cal cul ate the result and up the precision as necessary until the result is unam-
biguously correctly rounded. In addition our initial calculation of the decimal exponent may be out by 1, so we have to correct that
and loop as well in the that case.
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cpp_dec float

namespace boost{ nanmespace mul ti precision{

tenpl ate <unsi gned Di gitsl0, class Exponent Type = boost::int32_t, class Allocator = void>
cl ass cpp_dec_fl oat;

t ypedef nunber <cpp_dec_fl oat <50> > cpp_dec_fl oat _50;
t ypedef nunber <cpp_dec_fl oat <100> > cpp_dec_fl oat _100;

}} /1 nanespaces

Classtemplate cpp_dec_f | oat fulfilsall of the requirements for a Backend type. Its members and non-member functions are de-
liberately not documented: these are considered implementation details that are subject to change.

The class takes three template parameters:

Digits10 The number of decimal digits precision the type should support. Note that this type does not normally perform
any dynamic memory allocation, and asaresult the Di gi t s10 template argument should not be set too high or
the class's size will grow unreasonably large.

ExponentType A signed integer type that represents the exponent of the number

Allocator The alocator used: defaultsto typevoi d, meaning all storage is within the class, and no dynamic allocationis
performed, but can be set to a standard library allocator if dynamic allocation makes more sense.

Thetype of nunber _cat egor y<cpp_dec_fl oat <Args...> > :typeisnpl::int_<nunmber_ki nd_fl oati ng_poi nt >.

More information on this type can be found in the tutorial.

Internal Support Code

There are some traits classes which authors of new backends should be aware of :

namespace boost{ namespace mul ti precision{ nanespace detail {

tenpl at e<t ypenane From typenane To>
struct is_explicitly_convertible;

11}

Inheritsfrom boost : : i nt egral _const ant <bool , t r ue> if type Fr omhas an explicit conversion from To.

For compilersthat support C++11 SFINAE-expressions this trait should "just work". Otherwise it inherits from boost : : i s_con-
vertibl e<From To>::type, and will need to be speciaised for Backends that have constructors marked asexpl i ci t .

tenpl ate <class From class To>
struct is_lossy_conversion

{
I

static const bool value = see bel ow

Member val ue istrueif the conversion from Fr omto To would result in aloss of precision, and f al se otherwise.

The default version of thistrait simply checks whether the kind of conversion (for example from afloating point to an integer type)
isinherently lossy. Note that if either of the types Fr omor To are of an unknown number category (because nunber _cat egory is
not specialised for that type) then thistrait will bet r ue.
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t enpl at e<t ypenane From typenane To>
struct is_restricted_conversion

{
I

static const bool value = see bel ow,

Member val ue istrue if Fromis only explicitly convertible to To and not implicitly convertible, or if i s_| ossy_conver -
si on<From To>::val ueistrue. Otherwisef al se.

Note that while thistrait is the ultimate arbiter of which constructors are marked asexpl i ci t inclassnunber , authors of backend
types should generally specialise one of the traits above, rather than this one directly.

tenpl ate <class T>
i s_si gned_nunber;

tenpl ate <class T>
i s_unsi gned_nunber;

These two traits inherit from either npl : : true_ or npl : : f al se_, by default types are assumed to be signed unlessi s_un-
si gned_nunber is speciaized for that type.

Backend Requirements

The requirements on the Backend template argument to nunber are split up into sections: compulsory and optional.

Compulsory requirements have no default implementation in the library, therefore if the feature they implement is to be supported
at al, then they must be implemented by the backend.

Optiona requirements have default implementations that are called if the backend doesn't provide it's own. Typically the backend
will implement these to improve performance.

In the following tables, type B isthe Backend template argument to nunber , b and b2 are avariables of type B, cb, cb2 and cb3
are constant variables of type const B, rb isavariable of type B&&, a and a2 are variables of Arithmetic type, s is a variable of
typeconst char*,ui isavariable of typeunsi gned, bb isavariable of typebool , pa isavariable of type pointer-to-arithmetic-
type, exp isavariable of type B: : exp_t ype, pexp isavariable of typeB: : exp_t ype*,i isavariable of typei nt, pi pointer to
a variable of type i nt, B2 is another type that meets these requirements, b2 is a variable of type B2, ss is variable of type
std::streansize andff isavariable of typestd: :i os_base:: fntfl ags.
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Table 8. Compulsory Requirements on the Backend type.

Expression

B: : si gned_t ypes

B: : unsi gned_t ypes

B::float _types

B: : exponent _type

b. swap(b)

cbh.str(ss, ff)

Return Type

mpl ::list<type-list>
mpl ::list<type-list>
mpl::list<type-list>

A signed integral type.

B&

B&

voi d

std::string

Comments

A list of signed integral types
that can be assigned to type B.
Thetypesshall belistedin or-
der of size, smallest first, and
shall terminate in the type that
isstd::intmax_t.

A list of unsigned integra
types that can be assigned to
type B. The types shall be lis-
ted in order of size, smallest
first, and shall terminatein the
typethatisst d: : ui nt max_t .

A list of floating-point types
that can be assigned to type
B.The types shal be listed in
order of size, smallest first,
and shall terminate in type
| ong doubl e.

The type of the exponent of
type B. This type is required
only for floating point types.

Default constructor.
Copy Constructor.
Assignment operator.

Assignment from an Arithmet-
ic type. The type of a shall be
listed in one of the type lists
B: : si gned_t ypes, B: : un-
signed_types or
B:: fl oat _types.

Assignment from a string.

Swapsthe contents of itsargu-
ments.

Returns the string representa-
tion of b with ss digits and
formatted according to the
flags set inff. If ss is zero,
then returns as many digits as
arerequired to reconstruct the
origina value.

Throws

T hrows a
std::runtime_error ifthe
string could not be interpreted
asavalid number.

noexcept

render
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Expression
b. negat e()

cb. conpare(cb2)

cb. conpare(a)

eval _add(b, cbh)

eval _subtract (b, cb)

eval _multiply(b, chb)

eval _divide(b, cb)

eval _nodul us(b, cbh)

eval _bitwi se_and(b, cb)

eval _bitwi se_or(b, cb)

eval _bi twi se_xor (b, cbh)

eval _conpl enent (b, cb)

eval _left_shift(b, ui)

Return Type
voi d

int

i nt

voi d

voi d

voi d

voi d

voi d

voi d

voi d

voi d

voi d

voi d

Comments
Negatesb.

Comparesch andcb2, returns
avauelessthan zero if cb <
cb2, avalue greater than zero
if cb > cb2 and zero if cb
== ch2.

Comparesch and a, returns a
value less than zero if chb <
a, avalue greater than zero if
cb > aandzeroifcb == a.
Thetypeof a shall belistedin
one of the type lists
B: : si gned_types, B: : un-
sighed_types or
B::fl oat_types.

Addscb tob.
Subtractscb from b.
Multipliesb by cb.

Dividesb by ch.

Computesb % cb, only re-
quired when B is an integer

type.

Computesb &= cb, only re-
quired when B is an integer

type.

Computesb | = ch, only re-
quired when B is an integer
type.

Computesb ~= ch, only re-
quired when B is an integer
type.

Computes the ones-comple-
ment of cb and stores the res-
ultin b, only required when B
is an integer type.

Computes b <<= ui, only
required when B is an integer
type.

Throws

noexcept

std::overflow error ifch
has the vaue zero, and
std::nuneric_limts<num
ber<B> >::has_infinity
== fal se

std::overflow error ifch
has the value zero.
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Expression Return Type Comments Throws
eval right_shift(b, ui) void Computes b >>= ui, only

required when B is an integer

type.
eval _convert_to(pa, cb) void Convertsch tothetypeof * pa

and store the result in *pa.
Type B shall support conver-
son to a least types
std: :intmax_t,
std::uintmax_t and | ong
| ong. Conversion to other
arithmetic types can then be
synthesised using other opera-
tions. Conversions to other
types are entirely optional.

eval _frexp(b, cb, pexp) void Stores valuesin b and * pexp
such that the value of cb isb
* 2'P&P only required when B
is afloating-point type.

eval _| dexp(b, cb, exp) void Storesavalueinb thatiscb *
2%P, only required when B is
afloating-point type.

eval _frexp(b, ch, pi) voi d Stores values in b and *pi  std::runtinme_error ifthe
such that the value of cb isb  exponent of cb is too large to
* 2'Pl only required whenBis bestoredinani nt.
afloating-point type.

eval _| dexp(b, cb, i) voi d Storesavalueinb that iscb *
2, only required when B is a
floating-point type.

eval _floor(b, cb) voi d Stores the floor of cb in b,
only required when B is a
floating-point type.

eval _ceil (b, chb) voi d Stores the ceiling of cb in b,
only required when B is a
floating-point type.

eval _sqgrt(b, ch) void Storesthe squareroot of cb in
b, only required when B is a
floating-point type.
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Expression

boost:: multipreci-
sion::number _cat -
egory<B>::type

Return Type

mpl ::int_<N>

Comments

N is one of the values num
ber ki nd_i nteger, num
ber _kind_float -

ing_point, num
ber ki nd_rational or
n u m -

ber ki nd_fixed_point.
Defaults to num
ber _kind_float -
i ng_point.

Throws

107

httpo://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Multiprecision

Table 9. Optional Requirements on the Backend Type

Expression Returns Comments Throws
Construct and assign:

B(rb) B Move constructor. Afterwards noexcept
variable rb shall be in sane
state, albeit with unspecified
value. Only destruction and
assignment to the moved-from
variabler b need be supported
after the operation.

b=rb B& Move-assign. Afterwards noexcept
variable rb shall be in sane
state, albeit with unspecified
value. Only destruction and
assignment to the moved-from
variabler b need be supported
after the operation.

B( a) B Direct construction from an
arithmetic type. The type of a
shall be listed in one of the
typelistsB: : si gned_t ypes,
B: : unsi gned_t ypes or
B:: float _types.When not
provided, this operation is
simulated using default-con-
struction followed by assign-
ment.

B(b2) B Copy constructor from adiffer-
ent back-end type. When not
provided, agenericinterconver-
sion routine is used. This con-
structor may be explicit if
the corresponding frontend
constructor should also beex-
plicit.

b = b2 b& Assignment operator from a
different back-end type. When
not provided, a generic inter-
conversion routineis used.

assi gn_conponents(b, a, void Assignsto b the two compon-

a) ents in the following argu-
ments. Only appliestorational
and complex number types.
When not provided, arithmetic
operationsare used to synthes-
ise the result from the two
values.
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Expression

assi gn_conponents(b,
b2, b2)

Comparisons:

eval _eq(cb, cb2)

eval _eq(ch, a)

eval _eq(a, cb)

eval _|t(cb, cb2)

eval _It(ch, a)

Returns

voi d

bool

bool

bool

bool

bool

Comments

Assignsto b the two compon-
ents in the following argu-
ments. Only appliesto rational
and complex number types.
When not provided, arithmetic
operations are used to synthes-
ise the result from the two
values.

Returns t rue if cb and cb2
are equal in value. When not
provided, the default imple-
mentation returns cb. com
pare(cb2) ==

Returnst rue if cb and a are
equal in value. The type of a
shall be listed in one of the
typelistsB: : si gned_t ypes,
B: : unsi gned_t ypes or
B:: float _types.When not
provided, return the equivalent
of eval _eq(cb, B(a)).

Returnstrue if cb and a are
equal in value. The type of a
snall be listed in one of the
typelistsB: : si gned_t ypes,
B: : unsi gned_t ypes or
B: : fl oat _types. When not
provided, the default version
returnseval _eq(cb, a).

Returnst r ue if cb islessthan
cb2 in vaue. When not
provided, the default imple-
mentation returns cb. com
pare(cb2) < 0.

Returnst r ue if ch islessthan
a invalue. Thetype of a shall
belisted in one of thetypelists
B: : si gned_types, B: : un-
signhed_types or
B:: fl oat _t ypes. When not
provided, the default imple-
mentation  returns  ev-
al _It(ch, B(a)).

Throws

noexcept

noexcept
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Expression

eval _It(a, cbh)

eval _gt (cb, cb2)

eval _gt(ch, a)

eval _gt(a, cbh)

eval _is_zero(ch)

Returns

bool

bool

bool

bool

bool

Comments

Returnst r ue if a islessthan
cb in value. The type of a
shall be listed in one of the
typelistsB: : si gned_t ypes,
B: : unsi gned_t ypes or
B:: fl oat _types. When not
provided, the default imple-
mentation returns  ev-
al _gt(ch, a).

Returnst r ue if cb is greater
than cb2 in value. When not
provided, the default imple-
mentation returns cb. com
pare(cb2) > 0.

Returnstr ue if cb is greater
than a in value. The type of a
shall be listed in one of the
typelistsB: : si gned_t ypes,
B: : unsi gned_t ypes or
B:: fl oat _t ypes. When not
provided, the default imple-
mentation  returns  ev-
al _gt(ch, B(a)).

Returns true if a is greater
than cb in value. The type of
a shall be listed in one of the
typelistsB: : si gned_t ypes,
B: : unsi gned_t ypes or
B:: float _types.Whennot
provided, the default imple-
mentation  returns  ev-
al _It(ch, a).

Returns tr ue if cb is zero,
otherwisef al se. The default
version of thisfunction returns
cb. conpare(ui _type(0))
== 0, where ui _type is
ui _type is typenane
mpl ::front<typename
B : u n -

signed_types>: :type.

Throws

noexcept
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Expression Returns Comments Throws
eval _get _sign(ch) i nt Returnsavaue< zeroifcb is

negative, a value > zero if cb
is positive, and zero if cb is
zero. The default version of
thisfunctionreturnscb. com
pare(ui _type(0)), where
ui _type is ui _type is
t ' y pename
mpl ::front<typename
B : u n -
signed_types>::type.

Basic arithmetic:

eval _add(b, a) voi d Adds a to b. The type of a
shall be listed in one of the
typelistsB: : si gned_t ypes,
B: : unsi gned_t ypes or
B:: fl oat _t ypes. When not
provided, the default version
callseval _add(b, B(a))

eval _add(b, cb, cb2) voi d Add cb to cb2 and stores the
resultinb. When not provided,
does the equivalent of b =
cb; eval _add(b, cbh2).

eval _add(b, cb, a) voi d Add cb to a and stores the
resultinb. Thetype of a shall
belistedinone of thetypelists
B: : si gned_t ypes, B: : un-
signed_types or
B: : fl oat _types. When not
provided, does the equivalent
of eval _add(b, chb,

B(a)) -

eval _add(b, a, cb) voi d Add a to cb and stores the
resultin b. The type of a shall
belisted in one of thetypelists
B: : si gned_t ypes, B: : un-
signed_types or
B:: fl oat _t ypes. When not
provided, does the equivalent
of eval _add(b, cb, a).

eval _subtract (b, a) voi d Subtracts a from b. The type
of a shall be listed in one of
the type lists
B: : si gned_types, B:: un-
signhed_types or
B:: fl oat _t ypes. When not
provided, the default version
calls eval _subtract (b,

B(a))
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Expression

eval _subtract (b, ch,
cb2)

eval _subtract(b, cbh, a)

eval _subtract(b, a, cb)

eval _multiply(b, a)

eval _nmul tiply(b, cb,
ch2)

eval _multiply(b, cb, a)

Returns

voi d

voi d

voi d

voi d

voi d

voi d

Comments

Subtracts c¢b2 from cb and
storestheresult inb. When not
provided, does the equivalent
of b = cb; eval_sub-
tract (b, cb2).

Subtractsa from cb and stores
the result in b. The type of a
shall be listed in one of the
typelistsB: : si gned_t ypes,
B: : unsi gned_t ypes or
B: : fl oat _t ypes. When not
provided, does the equivalent
of eval _subtract (b, cb,

B(a)).

Subtractscb from a and stores
the result in b. The type of a
shall be listed in one of the
typelistsB: : si gned_t ypes,
B: : unsi gned_t ypes or
B:: fl oat _t ypes. When not
provided, does the equivalent
of eval _subtract (b, cb,

a); b.negate();.

Multipliesb by a. The type of
a shall be listed in one of the
typelistsB: : si gned_t ypes,
B: : unsi gned_t ypes or
B:: float _types.Whennot
provided, the default version
cals eval _multiply(b,

B(a))

Multiplies cb by cb2 and
storestheresultinb. When not
provided, does the equivalent
of b = cb; eval _mil-
tiply(b, cb2).

Multiplies cb by a and stores
the result in b. The type of a
shall be listed in one of the
typelistsB: : si gned_t ypes,
B: : unsi gned_t ypes or
B:: fl oat _t ypes. When not
provided, does the equivalent
of eval _mul tiply(b, cb,

B(a)) .

Throws
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Expression

eval_multiply(b, a, cbh)

eval _multiply_add(b,
cb, cb2)

eval _multiply_add(b,
ch, a)

eval _multiply_add(b, a,
ch)

eval _multiply_sub-
tract (b, ch, ch2)

Returns

voi d

voi d

voi d

voi d

voi d

Comments

Multiplies a by cb and stores
the result in b. The type of a
shall be listed in one of the
typelistsB: : si gned_t ypes,
B: : unsi gned_t ypes or
B:: fl oat _types. When not
provided, does the equivalent
of eval _multiply(b, cb,

a).

Multipliescb by cb2 and adds
the result to b. When not
provided does the equivalent
of creating a temporary B t
andeval _mul tiply(t, cb,
cb2) followed by ev-
al _add(b, t).

Multiplies a by cb and adds
the result to b. The type of a
shall be listed in one of the
typelistsB: : si gned_t ypes,
B: : unsi gned_t ypes or
B:: fl oat _t ypes. When not
provided does the equivalent
of creating a temporary B t
andeval _mul tiply(t, cb,
a) followedby eval _add(b,
t).

Multiplies a by cb and adds
the result to b. The type of a
shall be listed in one of the
typelistsB: : si gned_t ypes,
B: : unsi gned_t ypes or
B:: float _types.Whennot
provided does the equivalent
of eval _nultiply_add(b,
ch, a).

Multipliescb by cb2 and sub-
tracts the result from b. When
not provided does the equival-
ent of creating atemporary B
t and eval _nmultiply(t,
cb, cb2) followed by ev-
al _subtract(b, t).

Throws

113

httpo://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

render

Boost.Multiprecision

Expression

eval _multiply_sub-
tract(b, cb, a)

eval _multiply_sub-
tract(b, a, cb)

eval _multiply_add(b,
cb, cb2, cb3)

eval _multiply_sub-
tract (b, cb, cb2, cb3)

Returns

voi d

voi d

voi d

voi d

Comments

Multiplies a by cb and sub-
tracts the result from b. The
type of a shall belisted in one
of the type |lists
B: : si gned_t ypes, B: : un-
signed_types or
B:: fl oat _types. When not
provided does the equivalent
of creating a temporary B t
andeval _mul tiply(t, cb,
a) followed by eval _sub-
tract(b, t).

Multiplies a by cb and sub-
tracts the result from b. The
type of a shall belisted in one
of the type |lists
B: : si gned_t ypes, B: : un-
signed_types or
B:: fl oat _types. When not
provided does the equivalent
of eval _nmultiply_sub-
tract (b, cbh, a).

Multipliescb by cb2 and adds
the result to cb3 storing the
resultin b. When not provided
does the equivalent of ev-

al _multiply(b, cb, cb2)

followed by eval _add(b,

cb3) . For brevity, only aver-
sion showing al arguments of
type B is shown here, but you
can replace up to any 2 of cb,
cb2 and cb3 with any type
listed in one of the type lists
B: : si gned_types, B: : un-

sighed_types or
B::fl oat_types.

Multipliescb by cb2 and sub-
tractsfromtheresult cb3 stor-
ing the result in b. When not
provided does the equivalent
of eval _multiply(b, cb,

cb2) followedby eval _sub-

tract (b, ch3).Forbrevity,
only aversion showing all ar-
guments of type B is shown
here, but you can replaceup to
any 2 of cb, ch2 andcb3 with
any type listed in one of the
typelistsB: : si gned_t ypes,
B: : unsi gned_t ypes or
B:: fl oat _types.

Throws
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Expression Returns
eval _divide(b, a) voi d

eval _divide(b, cb, cb2) wvoid

eval _divide(b, cb, a) voi d

eval _divide(b, a, cb) voi d

eval _i ncrenent (b) void

eval _decrenent (b) void

Comments

Dividesb by a. Thetype of a
shall be listed in one of the
typelistsB: : si gned_t ypes,
B: : unsi gned_t ypes or
B:: fl oat _types. When not
provided, the default version
calls eval _divide(b
B(a))

Divides cb by cb2 and stores
the result in b. When not
provided, does the equivalent
of b = c¢b; eval _di-
vi de(b, cb2).

Dividescb by a and storesthe
result in b. The type of a shall
belisted in one of thetypelists
B: : si gned_types, B: : un-

sighed_types or
B:: fl oat _t ypes. When not
provided, does the equivalent
of eval _divide(b, cb,

B(a)).

Dividesa by cb and storesthe
result in b. The type of a shall
belisted in one of thetypelists
B: : si gned_t ypes, B: : un-
signed_types or
B:: float _types.Whennot
provided, does the equivalent
of eval _divide(b, B(a),
ch).

Increments the value of b by
one. When not provided, does
the equivaent of ev-
al _add(b, st at -
i c_cast<ui_type>(1lu)).
Whereui _t ype ist ypenane
mpl ::front<typename
B : u n -

si gned_types>: :type.

Decrements the value of b by
one. When not provided, does
the equivalent of eval _sub-
tract (b, st at -
ic_cast<ui_type>(1lu)).
Whereui _t ype ist ypenane
mpl ::front<typename
B : u n -

signed_types>::type.

Throws

std::overflow error ifa
has the value zero, and
std::nuneric_|limts<num
ber<B> >::has_infinity
== fal se

std::overflow error if
cb2 has the value zero, and
std::nuneric_|imts<num
ber<B> >::has_infinity
== fal se

std::overflow error ifa
has the vaue zero, and
std::nuneric_limts<num
ber<B> >::has_infinity
== fal se

std::overflow error ifch
has the value zero, and
std::nuneric_|limts<num
ber<B> >::has_infinity
== fal se
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Expression Returns Comments Throws
Integer specific operations:

eval _nodul us(b, a) voi d Computesb % cb,only re- std::overflow error ifa
quired when B is an integer hasthe value zero.
type. The type of a shall be
listed in one of the type lists
B: : si gned_t ypes, B: : un-
signed_types or
B: : fl oat _types. When not
provided, the default version
cdls eval _nodul us(b,

B(a))
eval _nodul us(b, cb, wvoid Computes cb % cb2 and std::overflow error ifa
ch2) storestheresult in b, only re-  has the value zero.

quired when B is an integer
type. When not provided, does
the equivalent of b = cb;
eval _nodul us(b, cb2).

eval _nodul us(b, cb, a) void Computesch % a and stores std::overflow error ifa

the result in b, only required hasthe value zero.
when B isan integer type. The

type of a shall belisted in one

of the type |lists

B: : si gned_t ypes, B: : un-

signed_types or

B:: float _types.Whennot

provided, does the equivalent

of eval nodul us(b, cb,

B(a)).

eval _nmodul us(b, a, cb) void Computescb % a and stores std::overflow error ifa

the result in b, only required hasthe value zero.
when B isan integer type. The

type of a shall belisted in one

of the type |lists

B: : si gned_t ypes, B: : un-

signed_types or

B: : fl oat _types. When not

provided, does the equivalent

of eval _nodul us(b, B(a),

ch).

eval _bitw se_and(b, a) void Computesb &= cb, only re-
quired when B is an integer
type. The type of a shall be
listed in one of the type lists
B: : si gned_t ypes, B: : un-
signed_types or
B:: fl oat _t ypes. When not
provided, the default version
calseval _bi t wi se_and(b,
B(a))
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Expression

eval _bitwi se_and(b, cb,
cb2)

eval _bi twi se_and(b, cb,
a)

eval _bi twi se_and(b, a,
ch)

eval _bitwi se_or(b, a)

eval _bitwi se_or(b, cb,
ch2)

Returns

voi d

voi d

voi d

voi d

voi d

Comments

Computes cb & cb2 and
stores the result in b, only re-
quired when B is an integer
type. When not provided, does
the equivalent of b = cb;
eval _bitwi se_and(b,
cbh2).

Computescbh & a and stores
the result in b, only required
when B isan integer type. The
type of a shall belisted in one
of the type |lists
B: : si gned_t ypes, B: : un-
signed_types or
B: : fl oat _types. When not
provided, does the equivalent
of eval _bitw se_and(b,
cbh, B(a)).

Computescbh & a and stores
the result in b, only required
when Bisan integer type. The
type of a shall belisted in one
of the type |lists
B: : si gned_types, B: : un-
sighed_types or
B:: fl oat _t ypes. When not
provided, does the equivalent
of eval _bitw se_and(b,
cbh, a).

Computesb | = ch, only re-
quired when B is an integer
type. The type of a shall be
listed in one of the type lists
B: : si gned_t ypes, B: : un-

signed_types or
B:: float _types.Whennot
provided, the default version
calls eval _bitwi se or(b,

B(a))

Computes cb | c¢b2 and
storestheresult in b, only re-
quired when B is an integer
type. When not provided, does
the equivalent of b = cb;

eval _bitwi se_or (b,

cbh2).

Throws
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Expression Returns Comments Throws
eval _bitwi se or(b, cb, void Computesch | a and stores
a) the result in b, only required

when B isan integer type. The
type of a shall belisted in one
of the type |lists
B: : si gned_t ypes, B: : un-
signed_types or
B:: fl oat _types. When not
provided, does the equivalent
of eval _bitw se_or(b,

ch, B(a)).
eval _bitwi se or(b, a, void Computescb | a and stores
ch) the result in b, only required

when B isan integer type. The
type of a shall belisted in one
of the type |lists
B: : si gned_t ypes, B: : un-
signed_types or
B:: fl oat _types. When not
provided, does the equivalent
of eval _bitwi se_or(b,
cbh, a).

eval _bitw se_xor(b, a) void Computesb ~= chb, only re-
quired when B is an integer
type. The type of a shall be
listed in one of the type lists
B: : si gned_types, B: : un-
sighed_types or
B:: fl oat _t ypes. When not
provided, the default version
calseval _bitw se_xor (b,

B(a))
eval _bitw se xor(b, cb, void Computes cb ~ c¢b2 and
ch2) stores the result in b, only re-

quired when B is an integer
type. When not provided, does
the equivalent of b = cb;
eval _bitwi se_xor (b,

ch2).
eval _bitwi se_xor(b, cb, wvoid Computescb ~ a and stores
a) the result in b, only required

when B isan integer type. The
type of a shall belisted in one
of the type lists
B: : si gned_t ypes, B: : un-
signed_types or
B: : fl oat _types. When not
provided, does the equivalent
of eval _bitw se_xor (b,
cbh, B(a)).
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Expression

eval _bitwi se_xor(b, a,
ch)

eval _left_shift(b, cb
ui)

eval _right_shift(b, cb
ui)

eval _qgr(ch, cbh2, b, b2)

eval _integer_modu-
lus(chb, wui)

eval _| sb(ch)

eval _nsb(ch)

Returns

voi d

voi d

voi d

voi d

unsi gned

unsi gned

unsi gned

Comments

Computesa ~ cb and stores
the result in b, only required
when B isan integer type. The
type of a shall belisted in one
of the type |lists
B: : si gned_t ypes, B: : un-
signed_types or
B:: fl oat _types. When not
provided, does the equivalent
of eval bitw se_xor (b
ch, a).

Computes cb << ui and
stores the result in b, only re-
quired when B is an integer
type. When not provided, does
the equivalent of b = cb;
eval _left_shift(b, a);.

Computes cb >> ui and
stores the result in b, only re-
quired when B is an integer
type. When not provided, does
the equivalent of b = cb;
eval _right_shift(b
a); .

Sets b to the result of cb /

cb2 and b2 to theresult of cb
% cb2. Only required when B
is an integer type. The default
version of thisfunctionissyn-
thesised from other operations
above.

Returnstheresult of cb % ui .
Only requiredwhenBisanin-
teger type. The default version
of this function is synthesised
from other operations above.

Returns the index of the least
significant bit that is set. Only
required when B is an integer
type. The default version of
this function is synthesised
from other operations above.

Returns the index of the most
significant bit that is set. Only
required when B is an integer
type. The default version of
this function is synthesised
from other operations above.

Throws

std::overflow error ifa
has the value zero.

std::overflow error ifa
has the value zero.
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Expression

eval _bit_test(cb, ui)

eval _bit_set(b, ui)

eval _bit_unset (b, ui)

eval _bit_flip(b, ui)

eval _gcd(b, cb, cb2)

eval _|cm(b, cb, cb2)

eval _gcd(b, ch, a)

Returns

bool

voi d

voi d

voi d

voi d

voi d

voi d

Comments

Returns true if cb has bit ui

set. Only required when B is
an integer type. The default
version of thisfunctionissyn-
thesised from other operations
above.

Sets the bit at index ui inb.
Only requiredwhenBisanin-
teger type. Thedefault version
of this function is synthesised
from other operations above.

Unsets the bit at index ui in
b. Only required when Bisan
integer type. The default ver-
sion of thisfunctionissynthes-
ised from other operations
above.

Flips the bit at index ui inb.
Only requiredwhenBisanin-
teger type. Thedefault version
of this function is synthesised
from other operations above.

Setsb to the greatest common
divisor of cb and cb2. Only
required when B is an integer
type. The default version of
this function is synthesised
from other operations above.

Sets b to the least common
multiple of cb and cb2. Only
required when B is an integer
type. The default version of
this function is synthesised
from other operations above.

Sets b to the greatest common
divisor of cb and cb2. Only
required when B is an integer
type. The type of a shall be
listed in one of the type lists
B: : si gned_types, B: : un-
signhed_types or
B::float _types. The de
fault version of this function
calls eval _gcd(b, cb,
B(a)).

Throws
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Expression

eval _lcmb, ch, a)

eval _gcd(b, a, cb)

eval _lcm(b, a, cb)

eval _pown(b, cb, ch2,
ch3)

eval _pown(b, cb, ch2,
a)

Returns

voi d

voi d

voi d

voi d

voi d

Comments

Sets b to the least common
multiple of cb and cb2. Only
required when B is an integer
type. The type of a shall be
listed in one of the type lists
B: : si gned_t ypes, B: : un-
signed_types or
B::float_types. The de
fault version of this function
cals eval | cn(b, ch,
B(a)).

Setsb to the greatest common
divisor of cb and a. Only re-
quired when B is an integer
type. The type of a shall be
listed in one of the type lists
B: : si gned_t ypes, B: : un-
signed_types or
B::float _types. The de
fault version of this function
callseval _gcd(b, cb, a).

Sets b to the least common
multiple of cb and a. Only re-
quired when B is an integer
type. The type of a shall be
listed in one of the type lists
B: : si gned_types, B: : un-
sighed_types or
B::float _types. The de
fault version of this function
callseval | cn(b, cb, a).

Sets b to the result of
(cbch2)%ch3. The default
version of thisfunctionissyn-
thesised from other operations
above.

Sets b to the result of
(cb"ch2)%a. The type of a
shall be listed in one of the
typelistsB: : si gned_t ypes,
B: : unsi gned_types. The
default version of thisfunction
issynthesised from other oper-
ations above.

Throws
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Expression Returns

eval _pown( b, ch, a, void
cb2)

eval _powr(b, cb, a, a2) void

eval _integer_sqrt(b, wvoid
cb, b2)

Sgn manipulation:

eval _abs(b, cb) voi d

eval _fabs(b, cb) voi d

Floating point functions:

eval _fpclassify(ch) i nt

Comments

Sets b to the result of
(cbMa)%cb2. The type of a
shall be listed in one of the
typelistsB: : si gned_t ypes,
B: :unsi gned_types. The
default version of thisfunction
issynthesised from other oper-
ations above.

Sets b to the result of
(cb™a)%a2. Thetype of a shall
belisted in one of thetypelists
B: : si gned_t ypes, B: : un-
si gned_t ypes. The default
version of thisfunctionissyn-
thesised from other operations
above.

Sets b to the largest integer
which when squared is less
than cb, also setsbh2 tothere-
mainder, ieto cb - b2 The de-
fault version of this function
issynthesised from other oper-
ations above.

Set b to the absolute value of
cb. The default version of this
functions assignscb to b, and
thencallsb. negat e() if ev-
al _get _sign(cbh) < 0.

Set b to the absolute value of
cb. The default version of this
functions assigns cb to b, and
thencallsb. negat e() if ev-
al _get _sign(cb) < 0.

Returns one of the samevalues
returnedby st d: : f pcl assi -
fy. Only required when B is
an floating-point type. The de-
fault version of this function
will only test for zero cb.

Throws
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Expression Returns Comments Throws
eval _trunc(b, cb) voi d Performsthe equivalent opera-

tionto st d: : trunc onargu-
ment cb and stores the result
inb. Only required when B is
an floating-point type. The de-
fault version of this function
issynthesised from other oper-
ations above.

eval _round(b, cb) voi d Performsthe equivalent opera-
tionto st d: : r ound on argu-
ment cb and stores the result
inb. Only required when B is
an floating-point type. The de-
fault version of this function
issynthesised from other oper-
ations above.

eval _exp(b, cb) voi d Performsthe equivalent opera-
tiontost d: : exp onargument
cb and stores the result in b.
Only required when B is an
floating-point type. The de-
fault version of this function
issynthesised from other oper-
ations above.

eval _| og(b, chb) voi d Performsthe equivalent opera-
tiontost d: : | og onargument
cb and stores the result in b.
Only required when B is an
floating-point type. The de-
fault version of this function
issynthesised from other oper-
ations above.

eval _| og10(b, chb) voi d Performsthe equivaent opera-
tiontostd::10gl0 on argu-
ment cb and stores the result
inb. Only required when B is
an floating-point type. The de-
fault version of this function
issynthesised from other oper-
ations above.

eval _sin(b, cb) voi d Performsthe equivalent opera-
tiontost d: : si n onargument
cb and stores the result in b.
Only required when B is an
floating-point type. The de-
fault version of this function
issynthesised from other oper-
ations above.
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Expression Returns Comments Throws
eval _cos(b, chb) voi d Performsthe equivalent opera-

tiontost d: : cos onargument
cb and stores the result in b.
Only required when B is an
floating-point type. The de-
fault version of this function
issynthesised from other oper-
ations above.

eval _tan(b, cb) voi d Performsthe equivalent opera-
tiontost d: : exp onargument
cb and stores the result in b.
Only required when B is an
floating-point type. The de-
fault version of this function
issynthesised from other oper-
ations above.

eval _asin(b, cb) voi d Performsthe equivalent opera-
tion to std: : asi n on argu-
ment cb and stores the result
inb. Only required when B is
an floating-point type. The de-
fault version of this function
issynthesised from other oper-
ations above.

eval _acos(b, ch) voi d Performsthe equivalent opera-
tion to st d: : acos on argu-
ment cb and stores the result
inb. Only required when B is
an floating-point type. The de-
fault version of this function
issynthesised from other oper-
ations above.

eval _atan(b, cb) voi d Performsthe equivaent opera-
tion to st d: : atan on argu-
ment cb and stores the result
inb. Only required when B is
an floating-point type. The de-
fault version of this function
issynthesised from other oper-
ations above.

eval _sinh(b, cb) voi d Performsthe equivalent opera-
tion to st d: : si nh on argu-
ment cb and stores the result
inb. Only required when B is
an floating-point type. The de-
fault version of this function
issynthesised from other oper-
ations above.
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Expression Returns Comments Throws
eval _cosh(b, cb) voi d Performsthe equivalent opera-

tion to std: : cosh on argu-
ment cb and stores the result
inb. Only required when B is
an floating-point type. The de-
fault version of this function
issynthesised from other oper-
ations above.

eval _tanh(b, cb) voi d Performsthe equivalent opera-
tion to std: : tanh on argu-
ment cb and stores the result
inb. Only required when B is
an floating-point type. The de-
fault version of this function
issynthesised from other oper-
ations above.

eval _frmod(b, cbh, ch2) voi d Performsthe equivalent opera-
tion to std: : f nod on argu-
ments cb and cb2, and store
the result in b. Only required
when B is an floating-point
type. The default version of
this function is synthesised
from other operations above.

eval _pow(b, ch, cb2) voi d Performsthe equivalent opera-
tion to std:: pow on argu-
ments cb and cb2, and store
the result in b. Only required
when B is an floating-point
type. The default version of
this function is synthesised
from other operations above.

eval _atan2(b, cb, ch2) wvoid Performsthe equivaent opera-
tion to st d: : atan on argu-
ments cb and cb2, and store
the result in b. Only required
when B is an floating-point
type. The default version of
this function is synthesised
from other operations above.

When the tables above place no throws requirements on an operation, then it is up to each type modelling this concept to decide
when or whether throwing an exception is desirable. However, thrown exceptions should always either be the type, or inherit from
thetypest d: : runti me_er r or . For example, afloating point type might choose to throw st d: : over f | ow_er r or whenever the
result of an operation would be infinite, and st d: : under f | ow_er r or whenever it would round to zero.

S Note
The non-member functions are all named with an "eval " prefix to avoid conflicts with template classes of the same
name - in point of fact this naming convention shouldn't be necessary, but rather works around some compiler bugs.
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Header File Structure

Table 10. Top level headers

Header

cpp_int.hpp
gmp.hpp
miller_rabin.hpp

number.hpp

mpfr.hpp

random.hpp

rational _adaptor.hpp
cpp_dec_float.hpp
tommath.hpp

concepts/number_archetypes.hpp

Contains

Thecpp_i nt backend type.
Defines all GMP related backends.
Miller Rabin primality testing code.

Defines the nunber backend, is included by al the backend
headers.

Defines the mpfr_float_backend backend.
Defines code to interoperate with Boost.Random.
Definesther at i onal _adapt or backend.
Definesthecpp_dec_f | oat backend.
Definesthet ommat h_i nt backend.

Defines a backend concept archetypes for testing use.
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Table 11. Implementation Headers

Header

cpp_int/add.hpp
cpp_int/bitwise.hpp
cpp_int/checked.hpp
cpp_int/comparison.hpp
cpp_int/cpp_int_config.hpp
cpp_int/divide.hpp
cpp_int/limits.hpp
cpp_int/misc.hpp
cpp_int/multiply.hpp
detail/big_lanczos.hpp

detail/default_ops.hpp

detail/generic_interconvert.hpp

detail/number_base.hpp

detail/no_et_ops.hpp

detail/functions/constants.hpp

detail/functions/pow.hpp

detail/functiong/trig.hpp

Contains

Add and subtract operatorsfor cpp_i nt _backend.

Bitwise operators for cpp_i nt _backend.

Helper functionsfor checked arithmetic for cpp_i nt _backend.
Comparison operatorsfor cpp_i nt _backend.

Basic setup and configuration for cpp_i nt _backend.
Division and modulus operators for cpp_i nt _backend.
nuneric_limts support for cpp_i nt _backend.
Miscellaneous operators for cpp_i nt _backend.

Multiply operatorsfor cpp_i nt _backend.

Lanczos support for Boost.Math integration.

Default versions of the optional backend non-member functions.
Generic interconversion routines.

All the expression template code, metaprogramming, and oper-
ator overloads for number .

The non-expression templ ate operators.
Defines constants used by the floating point functions.

Defines default versions of the power and exponential related
floating point functions.

Defines default versions of the trigonometric related floating
point functions.
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Performance Comparison
The Overhead in the Number Class Wrapper

Using asimple backend class that wraps any built in arithmetic type we can measure the overhead involved in wrapping atypeinside
thenunber frontend, and the effect that turning on expression templates has. The following table compares the performance between
doubl e and adoubl e wrapped inside class nunber :

Type Bessel Function Evaluation Non-Central T Evaluation
doubl e 1.0 (0.016s) 1.0 (0.469)
number <arithmet - 1.2 (0.0199) 1.0(0.469)

i c_backend<doubl e>, et_off>

number <arithmet - 1.2 (0.0199) 1.7 (0.79s)
i c_backend<doubl e>, et_on>

As you can see whether or not there is an overhead, and how large it is depends on the actual situation, but the overhead isin any
cases small. Expression templates generally add a greater overhead the more complex the expression becomes due to the logic of
figuring out how to best unpack and eval uate the expression, but of course thisis also the situation where you save more temporaries.
For a"trivia" backend like this, saving temporaries has no benefit, but for larger types it becomes a bigger win.

The following table compares arithmetic using either | ong | ong or nunber <arit hneti c_backend<l ong | ong> > for the
voronoi-diagram builder test:

Type Relative time
l ong | ong 1.0(0.0823s)

nunber <ari t hmet i c_backend<l ong | ong>, et_off> 1.05 (0.0875s)

Thistest involvesmainly creating alot of temporaries and performing asmall amount of arithmetic on them, with very little difference
in performance between the native and "wrapped" types.

The test code was compiled with Microsoft Visual Studio 2010 with al optimisations turned on (/Ox), and used MPIR-2.3.0 and
libtommath-0.42.0. The tests were run on 32-bit Windows Vista machine.

Floating-Point Real World Tests

These tests test the total time taken to execute all of Boost.Math's test cases for these functions. In each case the best performing
library getsarelative score of 1, with the total execution time given in brackets. Thefirst threelibrarieslisted are the various floating
point types provided by this library, while for comparison, two popular C++ front-ends to MPFR ( mpfr_class and mpreal) are also
shown.
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Table 12. Bessal Function Perfor mance

Library 50 Decimal Digits 100 Decimal Digits
mpfr_float 1.2 (5.78s) 1.2 (9.56s)
static_mpfr_float 1.1 (5.47s) 1.1 (9.09s)
mpf_float 1.0 (4.829) 1.0(8.079)
cpp_dec_float 1.8 (8.54s) 2.6 (20.66s)
mpfr_class 1.3 (6.28s) 1.2(10.06s)

mpresal 2.0(9.549) 1.7 (14.08s)

Table 13. Non-Central T Distribution Performance

Library 50 Decimal Digits
mpfr_float 1.3 (263.279)
static_mpfr_float 1.2 (232.889)
mpf_float 1.0 (195.739)
cpp_dec_float 1.9 (366.38s)
mpfr_class 1.5 (286.94s)
mpreal 2.0(388.709)

Test code was compiled with Microsoft Visual Studio 2010 with all optimisations turned on (/Ox), and used MPIR-2.3.0 and MP-
FR-3.0.0. The tests were run on 32-bit Windows Vista machine.

Integer Real World Tests

Thefirst set of tests measure the times taken to execute the multiprecision part of the Voronoi-diagram builder from Boost.Polygon.
Thetestsmainly create alarge number of temporaries"just in case" multiprecision arithmetic isrequired, for comparison, also included
in the tests is Boost.Polygon's own partia -multiprecision integer type which was custom written for this specific task:
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Integer Type Relative Performance (Actual timein parenthesis)
polygon::detail::extended int 1(0.1388315s)
int256 t 1.19247(0.1655515s)
int512 t 1.23301(0.17118s)
int1024_t 1.21463(0.168628s)
checked int256 t 1.31711(0.182855s)
checked_int512 t 1.57413(0.218538s)
checked _int1024 t 1.36992(0.1901875s)
cpp_int 1.63244(0.226632s)
mpz_int 5.42511(0.753172s)
tom_int 29.0793(4.03709s)

Note how for this use case, any dynamic allocation is a performance killer.

The next tests measure the time taken to generate 1000 128-bit random numbers and test for primality using the Miller Rabin test.
Thisis primarily atest of modular-exponentiation since that isthe rate limiting step:

Integer Type Relative Performance (Actual timein parenthesis)
cpp_int 5.25827(0.3795975)
cpp_int (no Expression templates) 5.15675(0.3722685)
cpp_int (128-bit cache) 5.10882(0.368808s)
cpp_int (256-hit cache) 5.50623(0.3974975)
cpp_int (512-bit cache) 4.82257(0.34814459)
cpp_int (1024-bit cache) 5.00053(0.360991s)
int1024_t 4.37589(0.3158975)
checked int1024 t 4.52396(0.3265875)
mpz_int 1(0.0721905s)
mpz_int (no Expression templates) 1.0248(0.0739806s)
tom_int 2.60673(0.1881815)
tom_int (no Expression templ ates) 2.64997(0.1913039)

It'sinteresting to note that expression templates have little effect here - perhaps because the actual expressionsinvolved arerelatively
trivial in this case - so the time taken for multiplication and division tends to dominate. Also note how increasing the internal cache
size used by cpp_i nt isquite effective in this case in cutting out memory allocations altogether - cutting about a third off the total
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runtime. Finally the much quicker times from GM P and tommath are down to their much better modul ar-exponentiation algorithms
(GMP'sis about 5x faster). That's an issue which needs to be addressed in a future release for cpp _int.

Test code was compiled with Microsoft Visual Studio 2010 with all optimisations turned on (/Ox), and used MPIR-2.3.0 and MP-
FR-3.0.0. The tests were run on 32-bit Windows Vista machine.

Float Algorithm Performance

Note that these tests are carefully designed to test performance of the underlying algorithms and not memory allocation or variable
copying. As usual, performance results should be taken with a healthy dose of scepticism, and real-world performance may vary
widely depending upon the specifics of the program. In each table relative times are given first, with the best performer given ascore
of 1. Total actual times are given in brackets, measured in seconds for 500000 operations.

Table 14. Operator +

Backend 50 Bits 100 Bits 500 Bits
cpp_dec_float 1 (0.05751565) 1 (0.07400865) 1 (0.219073s)
gmp_float 2.45065 (0.14095s) 2.01398 (0.149052s) 1.09608 (0.240122s)
mpfr_float 2.6001 (0.1495465) 2.12079 (0.1569575) 1.09078 (0.238965)
Table 15. Operator +(int)
Backend 50 Bits 100 Bits 500 Bits
cpp_dec_float 1.46115 (0.08553925) 2.60353 (0.114398s) 3.62562 (0.2649055)
gmp_float 1 (0.0585424s) 1 (0.0439398s) 1 (0.0730648s)
mpfr_float 2.40441 (0.140765) 3.2877 (0.144461s) 2.40379 (0.1756329)
Table 16. Operator +(unsigned long long)
Backend 50 Bits 100 Bits 500 Bits
cpp_dec_float 1(0.118146s) 1(0.144714s) 1 (0.315639s)
gmp_float 4.5555 (0.5382139) 3.83096 (0.5543959) 1.95079 (0.6157459)
mpfr_float 5.74477 (0.678719s) 4.85295 (0.7022915) 2.70354 (0.8533425)
Table 17. Operator +=(unsigned long long)
Backend 50 Bits 100 Bits 500 Bits
cpp_dec_float 1(0.101188s) 1(0.122394s) 1(0.251975s)
gmp_float 5.199 (0.526079s) 4.39327 (0.5377129) 2.42151 (0.610159s)
mpfr_float 6.08318 (0.6155475) 5.18525 (0.6346455) 3.1022 (0.7816775)
131

httpo://www.renderx.com/


http://www.mpfr.org
http://www.mpfr.org
http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Multiprecision

Table 18. Operator -

Backend 50 Bits 100 Bits 500 Bits
cpp_dec_float 1 (0.0895163s) 1 (0.129248s) 1.5088 (0.374512s)
gmp_float 1.72566 (0.154474s) 1.22567 (0.158415s) 1 (0.248219s)
mpfr_float 1.83764 (0.164499s) 1.34284 (0.173559s) 1.00226 (0.248781s)
Table 19. Operator -(int)
Backend 50 Bits 100 Bits 500 Bits
cpp_dec float 1 (0.105285s) 1(0.142741s) 1(0.278718s)
gmp_float 2.34437 (0.246828s) 1.28814 (0.183871s) 1.00731 (0.280754s)
mpfr_float 2.8032 (0.2951365) 2.09178 (0.298582s) 1.25213 (0.34899s)
Table 20. Operator -(unsigned long long)
Backend 50 Bits 100 Bits 500 Bits
cpp_dec_float 1(0.13719s) 1(0.1844289) 1(0.3442129)
gmp_float 4.0804 (0.5597915) 3.06776 (0.565781s) 2.07736 (0.715053s)
mpfr_float 5.10114 (0.699828s) 3.88684 (0.716843s) 2.50074 (0.860784s)
Table 21. Operator -=(unsigned long long)
Backend 50 Bits 100 Bits 500 Bits
cpp_dec_float 1 (0.100984s) 1(0.123148s) 1(0.2461815s)
gmp_float 5.68353 (0.573944s) 4.68636 (0.5771165) 2.6958 (0.663655s)
mpfr_float 6.19738 (0.6258349) 5.18544 (0.6385779) 3.18738 (0.7846739)
Table 22. Operator *
Backend 50 Bits 100 Bits 500 Bits
cpp_dec_float 1.03667 (0.284251s) 1.30576 (0.536527s) 1.44686 (4.81057s)
gmp_float 1 (0.274196s) 1 (0.4108915) 1 (3.324849)
mpfr_float 1.24537 (0.341477s) 1.15785 (0.475749s) 1.1796 (3.92199s)
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Table 23. Operator *(int)

Backend 50 Bits 100 Bits 500 Bits

cpp_dec_float 3.97453 (0.240262s) 9.91222 (0.4634739) 50.7926 (4.365275)

gmp_float 1 (0.0604505s) 1 (0.04675779) 1 (0.0859431s)

mpfr_float 2.56974 (0.1553425) 3.56312 (0.166603s) 3.22964 (0.2775655)
Table 24. Operator *(unsigned long long)

Backend 50 Bits 100 Bits 500 Bits

cpp_dec float 1(0.331877s) 1.01058 (0.586122s) 6.688 (4.7931s)

gmp_float 1.72433 (0.5722669) 1 (0.579987s) 1(0.716672s)

mpfr_float 2.5553 (0.8480475) 1.74987 (1.0149s) 1.80403 (1.29295)
Table 25. Operator *=(unsigned long long)

Backend 50 Bits 100 Bits 500 Bits

cpp_dec float 1(0.321397s) 1.00772 (0.574887s) 6.65946 (4.74685)

gmp_float 1.77419 (0.570218s) 1 (0.570482s) 1(0.712791s)

mpfr_float 2.62172 (0.842611s) 1.77691 (1.01369s) 1.77511 (1.26528s)
Table 26. Operator /

Backend 50 Bits 100 Bits 500 Bits

cpp_dec_float 2.96096 (4.00777s) 4.53244 (7.86435s) 6.11936 (51.5509s)

gmp_float 1(1.35354s) 1(1.73512s) 1(8.42422s)

mpfr_float 1.30002 (1.75963s) 1.39045 (2.412615) 1.66762 (14.0484s)
Table 27. Operator /(int)

Backend 50 Bits 100 Bits 500 Bits

cpp_dec float 8.60726 (1.81815s) 15.4122 (3.67479s) 34.5119 (24.729s)

gmp_float 1.24394 (0.2627569) 1 (0.238433s) 1 (0.716536s)

mpfr_float 1(0.211229s) 1.12178 (0.26747s) 1.02237 (0.732562s)
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Table 28. Operator /(unsigned long long)

Backend 50 Bits 100 Bits 500 Bits
cpp_dec_float 2.10976 (1.97569s) 3.73601 (3.9133s) 11.3085 (25.4533s)
gmp_float 1 (0.936452s) 1 (1.047469) 1(2.250819)
mpfr_float 1.3423 (1.2579) 1.51575 (1.58768s) 3.31513 (7.461759)
Table 29. Operator /=(unsigned long long)
Backend 50 Bits 100 Bits 500 Bits
cpp_dec_float 2.17401 (1.96883s) 3.79591 (3.89655) 11.2328 (25.2606s)
gmp_float 1 (0.905621s) 1(1.0265s) 1 (2.24882s)
mpfr_float 1.37953 (1.24933s) 1.53073 (1.571299) 3.30546 (7.43339s)
Table 30. Operator construct
Backend 50 Bits 100 Bits 500 Bits
cpp_dec_float 1 (0.00929804s) 1 (0.02683219) 1 (0.03106859)
gmp_float 30.8781 (0.287106s) 7.59969 (0.203916s) 6.51873 (0.202527s)
mpfr_float 23.5296 (0.2187799) 8.11058 (0.217624s) 7.16325 (0.2225529)
Table 31. Operator construct(unsigned)
Backend 50 Bits 100 Bits 500 Bits
cpp_dec_float 1 (0.0603971s) 1 (0.07354859) 1(0.116464s)
gmp_float 3.91573 (0.236498s) 2.88171 (0.2119459) 1.81075 (0.2108879)
mpfr_float 4.90052 (0.295977s) 4.01118 (0.295017s) 2.62005 (0.3051419)
Table 32. Operator construct(unsigned long long)
Backend 50 Bits 100 Bits 500 Bits
cpp_dec_float 1 (0.0610288s) 1 (0.0759005s) 1(0.1185119)
gmp_float 8.26247 (0.504249s) 6.69042 (0.5078069) 4.32819 (0.512949)
mpfr_float 10.1593 (0.620013s) 8.45884 (0.64203s) 5.51472 (0.6535579)
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Table 33. Operator str

Backend 50 Bits 100 Bits
cpp_dec_float 2.95848 (0.02230615) 3.33461 (0.0334719)
gmp_float 1 (0.007539715s) 1 (0.0100374s)
mpfr_float 1.25424 (0.00945658s) 1.24943 (0.012541s)

500 Bits
3.0159 (0.1327329)
1 (0.04401069)

1.09428 (0.0481601s)

Test code was compiled with Microsoft Visual Studio 2010 with all optimisations turned on (/Ox), and used MPIR-2.3.0 and MP-
FR-3.0.0. The tests were run on 32-bit Windows Vista machine.

Integer Algorithm Performance

Note that these tests are carefully designed to test performance of the underlying algorithms and not memory allocation or variable
copying. As usual, performance results should be taken with a healthy dose of scepticism, and real-world performance may vary
widely depending upon the specifics of the program. In each table relative times are given first, with the best performer given ascore
of 1. Total actual times are given in brackets, measured in seconds for 500000 operations.

Table 34. Operator +

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1.23704 (0.02742665)  1.09358 (0.0383278s)  1.26645 (0.0558828s)  1.32188 (0.0916899s)

cpp_int(fixed) 1.62044 (0.0359271s)  1.5277 (0.0535439) 1.73059 (0.076363s)  1.71537 (0.118983s)

gmp_int 1.87515 (0.0415741s) 121699 (0.042653s)  1.15599 (0.0510088s) 1 (0.0693631s)

tommath_int 1(0.02217119) 1 (0.035048s) 1 (0.04412559) 1.04441 (0.07244359)
Table 35. Operator +(int)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1(0.01553779) 1 (0.0209523s) 1(0.03063779) 1(0.043125s)

cpp_int(fixed) 1.31904 (0.0204948s)  1.76211 (0.0369203s)  1.52941 (0.0468577s)  1.60412 (0.0691778s)

gmp_int 1.96204 (0.03048555)  2.02569 (0.0424428s)  2.11505 (0.0648002s)  2.65993 (0.114709s)

tommath_int 14.0654 (0.218543s)  10.8239 (0.226786s)  7.76691 (0.23796s) 6.10039 (0.2630799)
Table 36. Operator +(unsigned long long)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1 (0.026624s) 1 (0.02914079) 1 (0.03732099) 1 (0.04649199)

cpp_int(fixed) 1.31378 (0.034978s)  1.54897 (0.045138s) 153649 (0.0573431s)  1.27833(0.0594319s)

gmp_int 25,5775 (0.680974s)  24.0117 (0.699717s)  19.5633(0.730121s)  16.8939 (0.785432s)

tommath_int 19.4694 (0.518354s)  18.4246 (0.536907s)  14.7715(0.551288s)  12.3637 (0.574812s)
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Table 37. Operator +=(unsigned long long)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1.18405 (0.0196905s)  1.22304 (0.0206476s)  1.25861 (0.0217397s)  1.29525 (0.0220829s)

cpp_int(fixed) 1 (0.0166298s) 1 (0.0168822s) 1(0.01727289) 1 (0.0170492s)

gmp_int 39,9082 (0.663668s)  39.4584 (0.666147s)  38.5504 (0.665873s)  39.2231 (0.6687229)

tommath_int 30.6219 (0.509238s)  30.4135(0.513447s)  30.9077 (0.533863s)  32.3086 (0.5508359)
Table 38. Operator -

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1.06986 (0.0296064s) 1 (0.0381508s) 1.05932 (0.053186s)  1.1766 (0.0844721s)

cpp_int(fixed) 1.3304 (0.0368163s) 144506 (0.0551303s)  1.4431 (0.0724545s) 157255 (0.112898s)

gmp_int 1.48072 (0.0409761s)  1.19003 (0.0454007s)  1.0794 (0.0541942s)  1(0.0717934s)

tommath_int 1(0.0276731s) 1.10891 (0.0423057s) 1 (0.0502076s) 1.08479 (0.0778811s)
Table 39. Operator -(int)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1(0.01473729) 1 (0.0170001s) 1(0.02328829) 1(0.03107349)

cpp_int(fixed) 1.4267 (0.0210256s) 198887 (0.0338109s)  1.83788 (0.0428009s)  1.81269 (0.0563264s)

gmp_int 2.07504 (0.0305803s)  2.40928 (0.0409579s)  2.58711 (0.0602493s)  3.26438 (0.101435s)

tommath_int 13.5424 (0.199577s)  12.1793 (0.207048s)  9.28855(0.216314s)  7.49327 (0.232842s)
Table 40. Operator -(unsigned long long)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1(0.02773779) 1 (0.0296807s) 1 (0.03723929) 1 (0.04558559)

cpp_int(fixed) 1.19867 (0.0332484s)  1.48639 (0.0441169s)  1.43253 (0.0533464s)  1.27697 (0.0582111s)

gmp_int 24.1794 (0.670683s)  22.9073(0.679904s)  18.8758 (0.702922s)  16.5837 (0.755975s)

tommath_int 18.149 (0.503413s) 17.4116 (0.516787s)  14.0411 (0.522889) 11.8237 (0.5389879)
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Table 41. Operator -=(unsigned long long)

httpo://www.renderx.com/

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1.26896 (0.0203467s)  1.25722 (0.0206147s)  1.36108 (0.0225485s)  1.18351 (0.0226161s)

cpp_int(fixed) 1 (0.0160342s) 1(0.0163971s) 1 (0.01656679) 1(0.0191094s)

gmp_int 41.1339 (0.659547s)  40.3982 (0.662411s)  39.925 (0.6614259) 34.636 (0.6618749)

tommath_int 31.1543 (0.499533s)  31.0303(0.5088065)  30.7699 (0.509756s)  27.7054 (0.529434s)
Table 42. Operator *

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1.11839 (0.0757577s)  1.61061 (0.2079515s) 1.4501 (0.696912s) 1.72796 (2.64108s)

cpp_int(fixed) 1.01115 (0.0684934s)  1.28687 (0.166152s) 1 (0.480595s) 1 (1.52844s)

gmp_int 1 (0.06773849) 1(0.129113s) 1.09011 (0.523902s) 1.03374 (1.589)

tommath_int 1.6322 (0.110562s) 271751 (0.350866s)  2.05222(0.986288s)  2.0644 (3.15531s)
Table 43. Operator *(int)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1.01611 (0.0229536s) 112175 (0.0298152s)  1.16413 (0.0416439s)  1.31747 (0.0666043s)

cpp_int(fixed) 1.30215 (0.0294152s)  1.669 (0.04436069) 1.72395 (0.0616701s)  1.88315 (0.095202s)

gmp_int 1 (0.0225897s) 1 (0.0265791s) 1 (0.03577259) 1(0.05055479)

tommath_int 10.8281 (0.244603s) 10.1516 (0.26982s) 8.76424 (0.313519s)  8.04364 (0.406644s)
Table 44. Operator *(unsigned long long)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1 (0.0570721s) 1 (0.0856141s) 1(0.143279s) 1 (0.252785s)

cpp_int(fixed) 1.10857 (0.0632686s)  1.2951 (0.110878s) 1.20827 (0.1731219) 1.18463 (0.2994569)

gmp_int 12.0605 (0.68832s) 8.13434 (0.696415s)  5.21762(0.747577s)  3.11601 (0.787681s)

tommath_int 10.0524 (0.57371s) 7.33116 (0.627651s)  4.85202 (0.695193s)  3.35808 (0.8488719)
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Table 45. Operator *=(unsigned long long)

httpo://www.renderx.com/

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 111.27 (7.43118s) 67.7078 (7.341389) 43.3851 (7.4075s) 25.3089 (7.554559)

cpp_int(fixed) 1 (0.0667848s) 1(0.108427s) 1(0.170738s) 1 (0.298493s)

gmp_int 46.3718 (3.096939) 28.4639 (3.086269) 18.1719 (3.10264s) 10.5223 (3.140839)

tommath_int 276.674 (18.47769) 169.146 (18.34s) 108.491 (18.52369) 63.3261 (18.90249)
Table 46. Operator /

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 2.68035 (0.5952515) 2.04702 (0.707471s) 1.62314 (0.921536s) 1.43112 (1.388119)

cpp_int(fixed) 1(0.222079s) 1 (0.34561s) 1 (0.567748s) 1 (0.969945s)

gmp_int 3.79283 (0.842308s) 2.73668 (0.945824s) 1.86649 (1.05969s) 1.32141 (1.2817s)

tommath_int 13.2531 (2.94324s) 11.2054 (3.87271s) 9.83293 (5.582629) 13.0164 (12.62529)
Table 47. Operator /(int)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 4.06026 (0.225473s)  3.45732 (0.340049s) 3.00195 (0.547957s) 2.80587 (0.978029s)

cpp_int(fixed) 2.43766 (0.135367s) 2.56264 (0.252052s) 2.44011 (0.445402s) 2.38009 (0.8296175)

gmp_int 1 (0.05553165) 1 (0.0983563s) 1(0.182534s) 1 (0.3485665)

tommath_int 35.9988 (1.999079) 27.1024 (2.665699) 21.8333 (3.985319) 25.8066 (8.995289)
Table 48. Operator /(unsigned long long)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1.50505 (0.705756s) 1.39347 (1.585569) 2.63348 (3.574389) 4.75451 (8.527339)

cpp_int(fixed) 1 (0.468925s) 1.12378 (1.27869s) 2.29966 (3.12128s) 4.4844 (8.04288s)

gmp_int 2.17234 (1.018669) 1(1.13785s) 1(1.35728s) 1(1.79352s)

tommath_int 4.74612 (2.225579) 2.70088 (3.073199) 3.65634 (4.962689) 6.79408 (12.18539)
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Table 49. Operator /=(unsigned long long)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1.76281 (0.0574966s)  1.76471(0.0604224s)  1.56085 (0.0716403s)  1.31422 (0.124043s)

cpp_int(fixed) 1 (0.0326164s) 1 (0.03423939) 1 (0.04589819) 1 (0.09438529)

gmp_int 20.2862 (0.6616649) 19.4043 (0.6643899) 14.4881 (0.664976s)  7.14238 (0.674135s)

tommath_int 32.9555 (1.074899) 30.1525 (1.0324s) 22.8324 (1.047969) 11.7456 (1.108619)
Table 50. Operator %

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1.8501 (0.364131s) 1.46527 (0.4766539) 1.27509 (0.6897389) 1.20064 (1.11769s)

cpp_int(fixed) 1(0.196817s) 1(0.325301s) 1 (0.540932s) 1 (0.930916s)

gmp_int 3.2533 (0.6403059) 2.15441 (0.700832s) 1.47898 (0.800029s) 1.07439 (1.000169)

tommath_int 15.3501 (3.021169) 12.1106 (3.93965) 11.0689 (5.987525) 13.5535 (12.61729)
Table 51. Operator % (int)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1.82761(0.104331s)  2.01496 (0.202512s)  2.10004 (0.389523s)  2.17252 (0.7680975)

cpp_int(fixed) 1.78851 (0.102099s) 1.96844 (0.197838s)  2.02956 (0.376451s)  2.07257 (0.732769)

gmp_int 1 (0.057086s) 1 (0.100505s) 1 (0.185483s) 1(0.353552s)

tommath_int 36.3018 (2.072339) 26.3075 (2.644029) 21.9525 (4.071839) 25.6759 (9.077759)
Table 52. Operator construct

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1.40211 (0.0026854s) 1 (0.00278639s) 1 (0.00322813s) 1 (0.00271859)

cpp_int(fixed) 1 (0.00191526s) 1.40721 (0.00392103s)  1.90346 (0.00614463s)  2.14621 (0.005834475)

gmp_int 98.705 (0.1890469) 68.9726 (0.192184s)  58.8994 (0.190135s)  70.0525 (0.190438s)

tommath_int 105.602 (0.202255s)  74.1994 (0.206748s)  63.6455 (0.205456s)  76.8935 (0.2090355)
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Table 53. Operator construct(unsigned)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1.73436 (0.00348927s) 1 (0.002634769) 1 (0.00270099) 1 (0.00318651s)

cpp_int(fixed) 1 (0.00201185s) 1.36851 (0.0036057s)  2.07362 (0.00560064s)  1.66856 (0.00531688s)

gmp_int 97.2414 (0.195635s)  76.3759(0.201232s)  72.7396 (0.196462s)  63.8129 (0.20334s)

tommath_int 210.112 (0.4227139) 162.652 (0.42855s) 158.33 (0.427634s) 134.626 (0.4289879)
Table 54. Operator construct(unsigned long long)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 2.34403 (0.00739542s)  1.66376 (0.00713834s)  1.22989 (0.0074969s)  1.23708 (0.007114179)

cpp_int(fixed) 1 (0.00315501s) 1 (0.00429049s) 1 (0.006095615) 1 (0.00575089)

gmp_int 222.866 (0.7031449) 164.331 (0.7050599) 115.363 (0.70321s) 122.347 (0.7035969)

tommath_int 218.681 (0.6899419) 163.796 (0.7027659) 114.57 (0.698376s) 122.422 (0.7040279)
Table 55. Operator gcd

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1.16358 (2.74442s) 1.39847 (8.11559s) 1.64677 (22.2518s) 1.95096 (64.4961s)

cpp_int(fixed) 1 (2.358599) 1.30986 (7.60133s) 1.67681 (22.6577s) 2.0895 (69.0758s)

gmp_int 1.03392 (2.43869) 1(5.80319s) 1(13.5124s) 1 (33.05865)

tommath_int 5.25978 (12.40579) 4.4619 (25.8932s) 4.15577 (56.15429) 3.91192 (129.3239)
Table 56. Operator powm

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 2.50722 (2.91621s) 3.5561 (13.4069) 4.37066 (73.483s) 4.88831 (473.919)

cpp_int(fixed) 1.93385 (2.249315s) 3.18107 (11.99229) 4.20753 (70.7403s) 4.8158 (466.885)

gmp_int 1(1.16313s) 1 (3.769865s) 1(16.8128s) 1(96.94765s)

tommath_int 1.44081 (1.67584s) 1.8794 (7.085079) 2.19115 (36.83949) 2.17186 (210.5579)
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Table 57. Operator str

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1.17175 (0.00160006s) ~ 1.41999 (0.00329476s)  1.40856 (0.00813784s)  1.52964 (0.02297675)

cpp_int(fixed) 1 (0.00136554s) 1 (0.00232027s) 1 (0.00577741s) 1.14754 (0.01723729)

gmp_int 1.50501 (0.00205515s)  1.52968 (0.00354926s)  1.01989 (0.0058923s) 1 (0.015021s)

tommath_int 12.2161 (0.0166816s)  16.9577 (0.0393463s)  18.7474 (0.108311s) 22.7368 (0.341528s)
Table 58. Operator |

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1(0.0301617s) 1 (0.0423404s) 1 (0.05223589) 1(0.08131569)

cpp_int(fixed) 1.0638 (0.03208615) 1.22566 (0.0518951s)  1.28515 (0.0671305s)  1.16118 (0.094422s)

gmp_int 1.76553 (0.0532514s)  1.51489 (0.0641408s)  1.70708 (0.0891706s)  1.77346 (0.14421s)

tommath_int 437637 (0.131999s)  3.46212 (0.1465875) 2.91875(0.152463s)  4.19621 (0.3412175)
Table 59. Operator |(int)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1 (0.0289129s) 1(0.03511199) 1 (0.04067799) 1(0.05258919)

cpp_int(fixed) 1.06091 (0.030674s) 1.25979 (0.0442336s)  1.36194 (0.0554009s)  1.37438 (0.07227729)

gmp_int 492854 (0.142498s)  4.34687 (0.1526275) 3.71442 (0.151095s) 2.981 (0.156768s)

tommath_int 10.9847 (0.317598s) 9.37065 (0.3290215) 8.53651 (0.347248s) 11.2155 (0.589813s)
Table 60. Operator ~

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1 (0.03051499) 1(0.04217s) 1 (0.05259779) 1(0.08166329)

cpp_int(fixed) 1.01544 (0.0309861s)  1.24872 (0.0526585s)  1.26661 (0.066621s) 1.15965 (0.0947007s)

gmp_int 1.64675 (0.0502505s)  1.47181 (0.0620663s)  1.66038 (0.0873322s)  1.67895 (0.137108s)

tommath_int 4.30668 (0.131418s)  3.45859 (0.145849s) 291462 (0.153303s)  4.15538 (0.3393429)
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Table 61. Operator ~(int)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1.01566 (0.0296088s) 1 (0.03566349) 1 (0.04018989) 1 (0.0514097s)

cpp_int(fixed) 1 (0.0291524s) 1.2393 (0.0441976s) 1.38556 (0.0556856s)  1.38899 (0.07140759)

gmp_int 4.68027 (0.136441s)  4.15243 (0.14809s) 3.74237 (0.150405s) 3.0483 (0.1567129)

tommath_int 10.919 (0.318314s) 9.16311 (0.326788s) 8.62554 (0.346659s) 11.6212 (0.597442s)
Table 62. Operator &

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1.0346 (0.0303431s) 1 (0.0427309s) 1 (0.05355875) 1.06945 (0.0828084s)

cpp_int(fixed) 1 (0.0293284s) 1.10435 (0.047199) 1.05262 (0.0563769s) 1 (0.07743099)

gmp_int 1.86057 (0.0545675s)  1.58432 (0.0676995s)  1.69164 (0.0906018s)  1.86625 (0.144505s)

tommath_int 4.4157 (0.1295069) 3.60396 (0.154s) 2.95985 (0.158525s5)  4.4032 (0.340944s)
Table 63. Operator & (int)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1.05874 (0.038946s) 1 (0.0483903s) 1 (0.063842s) 1(0.100361s)

cpp_int(fixed) 1 (0.03678539) 1.05827 (0.0512099s)  1.09114 (0.0696605s)  1.09432 (0.1098265)

gmp_int 3.92298 (0.144308s) 2.99447 (0.1449039) 2.228 (0.142249) 1.42296 (0.1428099)

tommath_int 8.79208 (0.323419s) 7.02288 (0.339839s) 5.65271 (0.36088s) 6.27104 (0.629365s)
Table 64. Operator <<

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_int 1 (0.02488019) 1.23196 (0.049) 1 (0.04241499) 1 (0.060157s)

cpp_int(fixed) 1.08931 (0.0271029) 1.40572 (0.0456418s)  1.3475 (0.0571542s) 1.24573 (0.07493979)

gmp_int 1.05561 (0.0262636s) 1 (0.03246869) 1.09914 (0.0466199s)  1.16315 (0.06997199)

tommath_int 1.60497 (0.0399319s)  2.13048 (0.0691737s)  2.31219(0.0980712s)  2.74695 (0.165248s)
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Table 65. Operator >>

Backend 128 Bits

cpp_int 1(0.0213349s)
cpp_int(fixed) 1.13514 (0.0242181s)
gmp_int 1.26614 (0.0270129s)
tommath_int 12.0066 (0.25616s)

256 Bits

1.02127 (0.0295019s)
1.16938 (0.0337803s)
1(0.0288873s)

10.2837 (0.297067)

512 Bits
1(0.0327116s)
1.46999 (0.0480859s)
1.42219 (0.04652215)

9.99696 (0.3270175)

1024 Bits

1.13168 (0.0433804s)
1.60077 (0.0613625)
1(0.03833295)

16.0943 (0.6169425)

Test code was compiled with Microsoft Visual Studio 2010 with all optimisations turned on (/Ox), and used MPIR-2.3.0 and MP-
FR-3.0.0. The tests were run on 32-bit Windows Vista machine.

Linux x86_64 results are broadly similar, except that libtommath performs much better there.

Rational Type Performance

Note that these tests are carefully designed to test performance of the underlying algorithms and not memory allocation or variable
copying. As usual, performance results should be taken with a healthy dose of scepticism, and real-world performance may vary
widely depending upon the specifics of the program. In each table relative times are given first, with the best performer given ascore
of 1. Total actual times are given in brackets, measured in seconds for 500000 operations.

Table 66. Operator +

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_rational 5.89417 (18.4116s) 6.87256 (47.4698s) 6.65008 (107.715s) 6.53801 (256.244s)

mpq_rational 1(3.12379) 1(6.90715s) 1(16.1975s) 1(39.1929s)
Table 67. Operator +(int)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_rational 3.62367 (2.46488s) 4.18291 (2.94603s) 4.726 (3.748669) 6.1388 (5.568175)

mpa_rational 1 (0.680215s) 1 (0.704303s) 1(0.7932s) 1 (0.907046s)
Table 68. Operator +(unsigned long long)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits

cpp_rational 1.1527 (2.6378s) 1.31751 (3.09863s) 1.58996 (4.00714s) 2.15642 (5.757029)

mpaq_rationa 1(2.28837s) 1(2.35189s) 1(2.52028s) 1(2.66971s)
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Table 69. Operator +=(unsigned long long)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits
cpp_rational 1.18436 (2.70595s) 1.32279 (3.11099s) 1.61398 (4.05389s) 2.20048 (5.846239)
mpq_rational 1 (2.2847s) 1 (2.351839) 1(2.511749) 1 (2.65685)
Table 70. Operator -
Backend 128 Bits 256 Bits 512 Bits 1024 Bits
cpp_rational 5.81893 (18.345759) 6.82209 (47.1928s) 6.64143 (107.498s) 6.51362 (255.1375)
mpaq_rational 1(3.152779) 1 (6.917659) 1 (16.18599) 1 (39.16989)
Table 71. Operator -(int)
Backend 128 Bits 256 Bits 512 Bits 1024 Bits
cpp_rational 3.72441 (2.487569) 4.27663 (2.987139) 4.62109 (3.721149) 6.17605 (5.565039)
mpq_rational 1 (0.667908s) 1 (0.698479s) 1 (0.8052525) 1 (0.901066s)
Table 72. Operator -(unsigned long long)
Backend 128 Bits 256 Bits 512 Bits 1024 Bits
cpp_rational 1.15627 (2.63239s) 1.32096 (3.12092s) 1.61044 (4.00106s) 2.19378 (5.7644s)
mpq_rational 1(2.27663s) 1 (2.36262s) 1 (2.48445s) 1(2.62761s)
Table 73. Operator -=(unsigned long long)
Backend 128 Bits 256 Bits 512 Bits 1024 Bits
cpp_rational 1.1984 (2.73444s) 1.34141 (3.15698s) 1.64159 (4.06997s) 2.23017 (5.88108s)
mpq_rational 1(2.28174s) 1 (2.35348s) 1(2.47929s) 1 (2.63706s)
Table 74. Operator *
Backend 128 Bits 256 Bits 512 Bits 1024 Bits
cpp_rational 5.4306 (32.58825) 6.91805 (89.94365) 6.94556 (207.307s) 6.88704 (492.1515)
mpq_rationa 1 (6.00084s) 1(13.0013s) 1(29.8475s) 1(71.4604s)
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Table 75. Operator *(int)

Backend 128 Bits 256 Bits 512 Bits 1024 Bits
cpp_rational 2.12892 (2.513769) 2.47245 (3.078419) 2.86832 (3.936199) 3.94086 (6.025659)
mpq_rational 1 (1.180779) 1 (1.245089) 1 (1.3723s) 1 (1.529029)
Table 76. Operator *(unsigned long long)
Backend 128 Bits 256 Bits 512 Bits 1024 Bits
cpp_rational 1.32254 (5.43565s) 1.56078 (6.73163s) 1.97701 (9.32522s) 2.85404 (15.1573s)
mpaq_rational 1 (4.11002s) 1(4.3139) 1 (4.716829) 1 (5.310829)
Table 77. Operator *=(unsigned long long)
Backend 128 Bits 256 Bits 512 Bits 1024 Bits
cpp_rational 6.29806 (58.1188s) 6.30556 (59.50765) 6.3385 (62.1007s) 6.55345 (67.6905s)
mpq_rational 1 (9.22804s) 1(9.43733s) 1(9.79739s) 1(10.329s)
Table 78. Operator /
Backend 128 Bits 256 Bits 512 Bits 1024 Bits
cpp_rational 4.4269 (66.8031s) 6.40103 (173.527s) 6.32347 (348.193s) 6.61148 (824.063s)
mpq_rational 1 (15.0903s) 1(27.1093s) 1 (55.0637s) 1(124.641s)
Table 79. Operator /(int)
Backend 128 Bits 256 Bits 512 Bits 1024 Bits
cpp_rational 1.78772 (2.50984s) 2.10623 (3.106065s) 2.46986 (3.99358s) 3.37428 (5.96678s)
mpq_rational 1 (1.40393s) 1(1.4747s) 1(1.61693s) 1(1.76831s)
Table 80. Operator /(unsigned long long)
Backend 128 Bits 256 Bits 512 Bits 1024 Bits
cpp_rationa 1.29695 (5.45454s) 1.55248 (6.85353s) 1.93237 (9.28765s) 2.75211 (14.85419)
mpq_rational 1 (4.20568s) 1 (4.41458s) 1 (4.80635s) 1(5.39734s)
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Table 81. Operator /=(unsigned long long)

Backend 128 Bits 256 Bits
cpp_rational 6.19401 (58.4278s) 6.20135 (59.643s)
mpq_rational 1(9.43295s) 1(9.61774s)

Table 82. Operator construct

Backend 128 Bits 256 Bits
cpp_rational 1 (0.00978288s) 1 (0.0100574s)
mpq_rational 39.1516 (0.383015¢) 38.3523 (0.385725s)

Table 83. Operator construct(unsigned)

Backend 128 Bits 256 Bits
cpp_rational 1(0.05481519) 1 (0.0557542s)
mpq_rational 7.21073 (0.395257s) 7.1016 (0.395944s)

Table 84. Operator construct(unsigned long long)

Backend 128 Bits 256 Bits
cpp_rationa 1 (0.06051565s) 1 (0.0616657s)
mpq_rational 35.1604 (2.12775s) 34.7575 (2.14335s)

Table 85. Operator str

Backend 128 Bits 256 Bits
cpp_rational 5.48898 (0.0208949s)  8.49668 (0.0546688s)
mpq_rational 1 (0.0038067s) 1 (0.00643413s)

Test code was compiled with Microsoft Visual Studio 2010 with all optimisations turned on (/Ox), and used MPIR-2.3.0 and MP-

FR-3.0.0. The tests were run on 32-bit Windows Vista machine.

512 Bits
6.21327 (62.03383)

1(9.98407s)

512 Bits
1(0.0101393s)

37.5812 (0.381048s)

512 Bits
1 (0.055825s)

7.02046 (0.3919175)

512 Bits
1 (0.05920569)

35.7232 (2.115029)

512 Bits
10.107 (0.121897s)

1 (0.01206065)

1024 Bits
6.40576 (67.67783)

1 (10.56525)

1024 Bits
1(0.0101847s)

37.6007 (0.382953s)

1024 Bits
1 (0.0552808s)

7.16881 (0.396297s)

1024 Bits
1 (0.0603081s)

35.0437 (2.113429)

1024 Bits
10.5339 (0.310584s)

1(0.0294843s)
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Boost.Multiprecision

Roadmap

History

Multiprecision-2.2.2 (Boost-1.56)

Change floating point to rational conversions to be implicit, see 10082.

Fix definition of checked cpp_rational typedef.

Multiprecision-2.2.1

Fix bug in assignment from string in cpp_int, see 9936.

Multiprecision-2.2.0

Moved to Boost.Multiprecision specific version number - we have one breaking change in Boost-1.54 which makes this major
version 2, plus two releases with new features since then.

Added new cpp_bin_float backend for binary floating point.

Added M SV C-specific #include for compiler intrinsics, see 9336.

Fixed various typos in docs, see 9432.

Fixed gmp_rational to allow move-copy from an aready copied-from object, see 9497.

Added list of values for numeric_limits.

Boost-1.55

Added support for Boost.Serialization.

Suppressed some GCC warhings. See 8872.

Fixed bug in pow for large integer arguments. See 8809.
Fixed bug in pow for calculation of ON. See 8798.

Fixed bug in fixed precision cpp_int 1O code that causes conversion to string to fail when the bit count is very small (less than
CHAR_BIT). See 8745.

Fixed bug in cpp_int that causes |eft shift to fail when afixed precision type would overflow. See 8741.
Fixed some cosmetic warnings from cpp_int. See 8748.
Fixed callsto functions which are required to be macrosin C99. See 8732.

Fixed bug that causes construction from INT_MIN, LONG_MIN etc to fail in cpp_int. See 8711.

1.54

Breaking changerenamedr at i onal _adapt er torati onal _adapt or.
Add support for MPFI.
Add logged_adaptor.

Add support for 128-bit floats via GCC'sf | oat 128 or Intel's_Quad data types.
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Add support for user-defined literalsin cpp_int, improve const expr support.

Fixed bug in integer division of cpp_i nt that resultsin incorrect sign of cpp_i nt when both arguments are small enough to fit
inadoubl e_|i mb_t ype. See 8126.

Fixed bug in subtraction of a single limb in cpp_i nt that results in incorrect value when the result should have a 0 in the last
limb: 8133.

Fixed bug incpp_i nt where division of 0 by something doesn't get zero in the result: 8160.

Fixed bug in some transcendental functions that caused incorrect return values when variables are reused, for example witha =
pow(a, b).See8326.

Fixed some assignment operations in the mpfr and gmp backends to be safe if the target has been moved from: 8667.
Fixed bug incpp_i nt that givesincorrect answer for 0%N for large N: 8670.

Fixed set_precision in mpfr backend so it doesn't trample over an existing value: 8692.

1.53

First Release.
Fix bug in cpp_int division.

Fix issue #7806.

Post review changes

Non-expression template operators further optimised with rvalue reference support.

Many functions made const exp.

Differentiate between explicit and implicit conversions in the number constructor.

Removed "mp_" prefix from types.

Allowed mixed precision arithmetic.

Changed ExpressionTemplates parameter to class nunber to use enumerated values rather than true/false.
Changed ExpressionTemplate parameter default value to use atraits class so that the default value depends on the backend used.
Added support for fused-multiply-add/subtract with GM P support.

Tweaked expression template unpacking to use fewer temporaries when the LHS also appearsin the RHS.
Refactored cpp_i nt _backend based on review comments with new template parameter structure.
Added additional template parameter to npf r _f | oat _backend to allow stack-based alocation.

Added section on mixed precision arithmetic, and added support for operations yielding a higher precision result than either of
the arguments.

Added overloads of integer-specific functions for built in integer types.

Pre-review history

2011-2012, John Maddock adds an expression template enabled front end to Christopher's code, and adds support for other
backends.
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2011, Christopher Kormanyos publishes the decimal floating point code under the Boost Software Licence. The code is published
as: "Algorithm 910: A Portable C++ Multiple-Precision System for Special-Function Calculations', in ACM TOMS, {VOL 37,
ISSUE 4, (February 2011)} (C) ACM, 2011.

2002-2011, Christopher Kormanyos develops the all C++ decimal arithmetic floating point code.

TODO

More alist of what could be done, rather than what should be done (which may be a much smaller list!).

Add back-end support for libdecNumber.

Add an adaptor back-end for complex number types.

Add a back-end for MPFR interval arithmetic.

Add better multiplication routines (Karatsuba, FFT etc) to cpp_int_backend.
Add assembly level routinesto cpp_int_backend.

Add an al C++ Boost licensed binary floating point type.

Can ring types (exact floating point types) be supported? The answer should be yes, but someone needs to write it, the hard part
is10 and binary-decimal conversion.

Should there be a choice of rounding mode (probably MPFR specific)?
We can reuse temporaries in multiple subtrees (temporary caching).
cpp_dec_float should round to nearest.

A 2's complement fixed precision int that uses exactly N bits and no more.

Things requested in review:

The performances of mp_number<a trivial_adaptor<float>, fal se>respect to float and mp_number<a trivial _adaptor<int>, false>
and int should be given to show the cost of using the generic interface (Mostly done, just need to update docs to the latest results).

Should we provide min/max overloads for expression templates? (Not done - we can't overload functions declared in the std
namespace :-( ).

The rounding applied when converting must be documented (Done).

Document why we don't abstract out addition/multiplication algorithms etc. (done - FAQ)
Document why we don't use proto (compile times) (Done).

We can reuse temporaries in multiple subtrees (temporary caching) Moved to TODO list.
Emphasise in the docs that ET's may reorder operations (done 2012/10/31).

Document what happens to small fixed precision cpp_int's (done 2012/10/31).

The use of bool in template parameters could be improved by the use of an enum class which will be more explicit. E.g enum
cl ass expression_tenplate {disabled, enabled}; enum class sign {unsigned, signed}; (Partly done
2012/09/15, done 2012/10/31).

Each back-end should document the requirementsit satisfies (not currently scheduled for inclusion: it's deliberately an implement-
ation detail, and "optional” requirements are optimisations which can't be detected by the user). Not done: thisisan implementation
detail, the exact list of requirements satisfied is purely an optimization, not something the user can detect.
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A backend for an overflow aware integers (done 2012/10/31).

» 1IUC convert_to is used to emulate in c++98 compilers C++11 explicit conversions. Could the explicit conversion operator be
added on compilers supporting it? (Done 2012/09/15).

» The front-end should make the differences between implicit and explicit construction (Done 2012/09/15).
e Thetutorial should add more examples concerning implicit or explicit conversions. (Done 2012/09/15).

» The documentation must explain how move semantics helps in this domain and what the backend needs to do to profit from this
optimization. (Done 2012/09/15).

* Thedocumentation should contain Throws specification on themp_number and backend requirements operations. (Done 2012/09/15).
e Thelibrary interface should use the noexcept (BOOST_NOEXCEPT, ...) facilities (Done 2012/09/15).

* Itisunfortunate that the generic mp_number front end can not make use constexpr as not al the backends can ensure this (done
- we can go quite away).

* literds: Thelibrary doesn't provide some kind of literals. | think that the mp_number class should provide away to create literals
if the backend is able to. (Done 2012/09/15).

» The ExpresionTemplate parameter could be defaulted to atraits class for more sensible defaults (done 2012/09/20).

» Ina=expl op exp2 where a occurs inside one of expl or exp2 then we can optimise and eliminate one more temporary (done
2012/09/20).

Pre-Review Comments

» Make fixed precision orthogonal to Allocator type in cpp_int. Possible solution - add an additional MaxBits template argument
that defaults to 0 (meaning keep going till no more space/memory). Done.

» Can ring types (exact floating point types) be supported? The answer should be yes, but someone needs to write it (Moved to
TODO list).

* Should there be a choice of rounding mode (probably MPFR specific)? Moved to TODO list.

» Makethe exponent typefor cpp_dec_float atemplate parameter, maybe include support for big-integer exponents. Open question
- what should be the default - int32_t or int64_t? (done 2012/09/06)

» Document the size requirements of fixed precision ints (done 2012/09/15).

» Document std lib function accuracy (done 2012/09/15).

» Beabit clearer on the effects of sign-magnitude representation of cpp_int - min == -max etc - done.

» Document cpp_dec float precision, rounding, and exponent size (done 2012/09/06).

» Can we be clearer in the docs that mixed arithmetic doesn't work (no longer applicable as of 2012/09/06)7?
» Document round functions behaviour better (they behave asin C++11) (added note 2012/09/06).

» Document limits on size of cpp_dec float (done 2012/09/06).

» Add support for fused multiply add (and subtract). GMP mpz_t could use this (done 2012/09/20).
FAQ

Why do | get compiler errorswhen  Most likely you are actually passing an expression template type to the function and templ ate-
passing anunber to atemplate argument-deduction deducesthe "wrong" type. Try casting the argumentsinvolving expressions
function?
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When is expression template support
aperformance gain?

Do expression templates reorder op-
erations?

| can't construct my number type
from some other type, but the docs
indicate that the conversion should
be allowed, what's up?

Why do | get an exception thrown
(or the program crash due to an un-
caught exception) when using the
bitwise operators on a checked
cpp_int?

Why do | get compiler errors when

trying to use the complement operat-

or?

Why can't | negate an unsigned type?

Why doesn't the library use proto?

Why not abstract out addition/multi-
plication algorithms?

to the actual number type, or as a last resort turning off expression template support in the
number type you are using.

As agenera rule, expression template support adds a small runtime overhead creating and
unpacking the expression templates, but greatly reduces the number of temporaries created.
So it'smost effectiveinimproving performance when the cost of creating atemporary ishigh:
for example when creating atemporary involvesamemory allocation. It isleast effective (and
may even be a dis-optimisation) when temporaries are cheap: for example if the number type
isbasically athinwrapper around a native arithmetic type. In addition, sincethelibrary makes
extensive use of thin inline wrapper functions, turning on compiler optimization is essential
to achieving high performance.

Yes they do, sometimes quite radically so, if thisis a concern then they should be turned off
for the number type you are using.

Some conversions are explicit, that includes construction from a string, or constructing from
any type that may result in loss of precision (for example constructing an integer type from a
float).

Bitwise operations on negative values (or indeed any signed integer type) are unspecified by
the standard. As aresult any attempt to carry out a bitwise operation on a negative checked-
integer will resultinast d: : range_err or being thrown.

Use of the complement operator on signed typesis problematic as the result is unspecified by
the standard, and is further complicated by the fact that most extended precision integer types
use asign-magnitude representation rather than the 2's complement one favored by most native
integer types. As a result the complement operator is deliberately disabled for checked
cpp_i nt's. Unchecked cpp_i nt's give the same valued result as a 2's complement type
would, but not the same bit-pattern.

The unary negation operator isdeliberately disabled for unsigned integer typesasitsusewould
amost always be a programming error.

A very early version of the library did use proto, but compile times became too slow for the
library to be usable. Since the library only required atiny fraction of what proto has to offer
anyway, a lightweight expression template mechanism was used instead. Compile times are
still too slow...

This was deemed not to be practical: these algorithms are intimately tied to the actual data
representation used.
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Indexes

Function Index

A

abs
number, 84
add
Generic Integer Operations, 61
Mixed Precision Arithmetic, 59
number, 84
TODO, 150
assign
number, 84
assign_components
Optional Requirements on the Backend Type, 103

B

bits
Generating Random Numbers, 53
Input Output, 81
Rounding Rules for Conversions, 58
std::numeric_limits<> constants, 63

bit_flip
Generic Integer Operations, 61
number, 84

bit_set
Generic Integer Operations, 61
number, 84

bit_test
Generic Integer Operations, 61
number, 84

bit_unset
Generic Integer Operations, 61
number, 84

C

compare
number, 84

D

data
float128, 25
gmp_float, 21
gmp_int, 12
gmp_rational, 41
mpfi_float, 36
mpfr_float, 23
default_precision
number, 84
divide_gr
Generic Integer Operations, 61
number, 84
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E
empty

mpfi_float, 36
eval_acos

Optiona Requirements on the Backend Type, 103
eval_add

Compulsory Reguirements on the Backend type., 103

Optiona Requirements on the Backend Type, 103
eva_asin

Optiona Requirements on the Backend Type, 103
eva_atan

Optiona Requirements on the Backend Type, 103
eva_atan2

Optiona Requirements on the Backend Type, 103
eva_bitwise and

Optiona Requirements on the Backend Type, 103
eval_bitwise or

Compulsory Requirements on the Backend type., 103

Optiona Requirements on the Backend Type, 103
eval_bitwise xor

Compulsory Requirements on the Backend type., 103

Optiona Requirements on the Backend Type, 103
eva_bit flip

Optiona Requirements on the Backend Type, 103
eval_bit_set

Optiona Requirements on the Backend Type, 103
eval_bit_test

Optiona Requirements on the Backend Type, 103
eval_bit_unset

Optiona Requirements on the Backend Type, 103
eva_cail

Compulsory Requirements on the Backend type., 103
eval_complement

Compulsory Requirements on the Backend type., 103
eva_convert_to

Compulsory Requirements on the Backend type., 103
eva_cos

Optiona Requirements on the Backend Type, 103
eval_cosh

Optiona Requirements on the Backend Type, 103
eval_decrement

Optiona Requirements on the Backend Type, 103
eval_divide

Compulsory Requirements on the Backend type., 103

Optiona Requirements on the Backend Type, 103
eva_eq

Optiona Requirements on the Backend Type, 103
eva_exp

Optiona Requirements on the Backend Type, 103
eval_fabs

Optiona Requirements on the Backend Type, 103
eval_floor

Compulsory Reguirements on the Backend type., 103
eva_fmod

Optiona Requirements on the Backend Type, 103
eva_frexp

Compulsory Requirements on the Backend type., 103
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eva_gcd

Optiona Requirements on the Backend Type, 103
eval_get_sign

Optiona Requirements on the Backend Type, 103
eva gt

Optiona Requirements on the Backend Type, 103
eval_increment

Optiona Requirements on the Backend Type, 103
eva_integer_sort

Optiona Requirements on the Backend Type, 103
eva_is zero

Optiona Requirements on the Backend Type, 103
eva_lcm

Optiona Requirements on the Backend Type, 103
eval_ldexp

Compulsory Requirements on the Backend type., 103
eval_|eft_shift

Compulsory Requirements on the Backend type., 103

Optiona Requirements on the Backend Type, 103
eva_log

Optiona Requirements on the Backend Type, 103
eva_logl0

Optiona Requirements on the Backend Type, 103
eva_It

Optiona Requirements on the Backend Type, 103
eva_modulus

Compulsory Requirements on the Backend type., 103

Optiona Requirements on the Backend Type, 103
eva_msh

Optiona Requirements on the Backend Type, 103
eval_multiply

Compulsory Requirements on the Backend type., 103

Optiona Requirements on the Backend Type, 103
eval_multiply_add

Optiona Requirements on the Backend Type, 103
eval_multiply_subtract

Optiona Requirements on the Backend Type, 103
eva_pow

Optiona Requirements on the Backend Type, 103
eva_powm

Optiona Requirements on the Backend Type, 103
eva _qr

Optiona Requirements on the Backend Type, 103
eval_right_shift

Compulsory Requirements on the Backend type., 103

Optiona Requirements on the Backend Type, 103
eva_round

Optiona Requirements on the Backend Type, 103
eva_sin

Optiona Requirements on the Backend Type, 103
eva_sinh

Optiona Requirements on the Backend Type, 103
eval_sort

Compulsory Requirements on the Backend type., 103
eval_subtract

Compulsory Reguirements on the Backend type., 103

Optiona Requirements on the Backend Type, 103
eva_tan
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Optiona Requirements on the Backend Type, 103
eva_tanh

Optiona Requirements on the Backend Type, 103
eva_trunc

Optiona Requirements on the Backend Type, 103

F
fpclassify
number, 84

I
if
Primality Testing, 55
in
mpfi_float, 36
infinity
std::numeric_limits<> functions, 70
integer_modulus
Generic Integer Operations, 61
number, 84
iround
number, 84
isfinite
number, 84
isinf
number, 84
isnan
number, 84
isnormal
number, 84
itrunc
number, 84

L

[Iround
number, 84
[ltrunc
number, 84
log_postfix_event
logged_adaptor, 44
log_prefix_event
logged_adaptor, 44
Iround
number, 84
Isb
Generic Integer Operations, 61
number, 84
[trunc
number, 84

M

max
std::numeric_limits<> constants, 63
std::numeric_limits<> functions, 70
miller_rabin_test
Generic Integer Operations, 61
number, 84
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Primality Testing, 55
min

std::numeric_limits<> functions, 70

msb
Generic Integer Operations, 61
number, 84

multiply
Generic Integer Operations, 61
Mixed Precision Arithmetic, 59
number, 84

O

overlap
mpfi_float, 36

P

powm
Generic Integer Operations, 61
number, 84

precision
FAQ, 151
Generic Integer Operations, 61
Introduction, 3
number, 84

proper_subset
mpfi_float, 36

R

r
Bit Operations, 16
round
number, 84

S
sign
number, 84
singleton
mpfi_float, 36
sort
Generic Integer Operations, 61
number, 84

std::numeric_limits<> functions, 70

str
number, 84

subset
mpfi_float, 36

subtract
Generic Integer Operations, 61
Mixed Precision Arithmetic, 59
number, 84

swap
number, 84

T

trunc
number, 84
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two
std::numeric_limits<> constants, 63

V

value
cpp_bin float, 101
number, 84
std::numeric_limits<> functions, 70

Z

zero
gmp_float, 22
gmp_int, 13
gmp_rational, 42
std::numeric_limits<> constants, 69
tommath_rational, 43
tom_int, 14

zero in
mpfi_float, 36

Class Index
C

component_type

number, 84
cpp_bin_float

cpp_bin_float, 18, 100
cpp_dec float

cpp_dec float, 20, 102
cpp_int_backend

cpp_int, 9, 97

D

debug_adaptor
debug_adaptor, 46

E

expression_template default
number, 84

F

float128 backend
float128, 25

G

gmp_float
gmp_float, 21, 99
gmp_int
gmp_int, 12, 98
gmp_rational
gmp_rational, 41

I
is_explicitly_convertible
Internal Support Code, 102
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is lossy conversion
Internal Support Code, 102

is_number
number, 84
is_number_expression
number, 84

is restricted _conversion

Internal Support Code, 102
is signed _number

Internal Support Code, 102
is_unsigned_number

Internal Support Code, 102

L
logged_adaptor
logged_adaptor, 44

M

mpfi_float_backend
mpfi_float, 36

mpfr_float_backend
mpfr_float, 23, 100
mpfr_float_backend, 100

N

number
number, 84
number_category
number, 84

T

tommath_int
tom_int, 13, 99

Typedef Index

C

checked_cpp_int
cpp_int, 9, 97
checked_cpp_rational
cpp_int, 9, 97
checked _cpp_rationa_backend
cpp_int, 9, 97
checked int1024 t
cpp_int, 9, 97
checked_int128 t
cpp_int, 9, 97
checked_int256 t
cpp_int, 9, 97
checked_int512 t
cpp_int, 9, 97
checked uint1024 t
cpp_int, 9, 97
checked uint128 t
cpp_int, 9, 97
checked uint256 t
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cpp_int, 9, 97
checked uint512 t

cpp_int, 9, 97
cpp_bin float 100

cpp_bin float, 18, 100
cpp_bin float 50

cpp_bin float, 18, 100
cpp_bin float_double

cpp_bin float, 18, 100
cpp_bin float_double extended

cpp_bin float, 18, 100
cpp_bin float_quad

cpp_bin float, 18, 100
cpp_bin float_single

cpp_bin float, 18, 100
cpp_dec float_100

cpp_dec float, 20, 102
cpp_dec float_50

cpp_dec float, 20, 102

std::numeric_limits<> constants, 63

std::numeric_limits<> functions, 70
cpp_int

cpp_int, 9, 97
cpp_rational

cpp_int, 9, 97

cpp_rational, 40
cpp_rationa_backend

cpp_int, 9, 97

cpp_rational, 40

F

float128
float128, 25
std::numeric_limits<> constants, 63

int1024 t

cpp_int, 9, 97
int128 t

cpp_int, 9, 97
int256_t

cpp_int, 9, 97
int512_t

cpp_int, 9, 97
int_type

Primality Testing, 55

L
limb_type
cpp_int, 9, 97

M

mpfi_float
mpfi_float, 36

mpfi_float_1000
mpfi_float, 36

mpfi_float_50
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mpfi_float, 36
mpfr_float
mpfr_float, 23

mpfr_float_backend, 23, 100

mpfr_float_100

mpfr_float, 23

mpfr_float_backend, 100
mpfr_float_1000

mpfr_float, 23

mpfr_float_backend, 100
mpfr_float_50

mpfr_float, 23

mpfr_float_backend, 100
mpfr_float_500

mpfr_float, 23

mpfr_float_backend, 100
mpf_float

gmp_float, 21, 99
mpf_float_100

gmp_float, 21, 99
mpf_float_1000

gmp_float, 21, 99
mpf_float 50

gmp_float, 21, 99
mpf_float_500

gmp_float, 21, 99
mpq_rational

gmp_rational, 41
mpz_int

gmp_int, 12, 98
mp_type

Calculating an Integral, 32

Polynomial Evaluation, 34

S

static_mpfr_float_100
mpfr_float, 23

static_mpfr_float 50
mpfr_float, 23

T

tommath_rational
tommath_rational, 42
tom_int
tom_int, 13, 99
tom_rational
tommath_rational, 42

U

uint1024 t
cpp_int, 9, 97
uint128 t
cpp_int, 9, 97
uint256_t
cpp_int, 9, 97
uint512_t
cpp_int, 9, 97
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Index

A

abs
number, 84
add

Generic Integer Operations, 61
Mixed Precision Arithmetic, 59

number, 84

TODO, 150
assign
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